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Abstract

Proteins are central to most cellular functions. Elucidating the relationship between the amino acid sequence,

the three-dimensional structure, and the biological function is therefore a key challenge in biology.

The first part of the thesis focuses on generative models for protein sequences. Given a multiple sequence

alignment (MSA) of proteins with similar structures and functions, the objective is to develop a model that

can generate novel sequences capturing the diversity and functional properties of natural ones.

In particular, we are interested in Potts models trained to capture single-site and pairwise amino acid

frequencies within an MSA. These models, also called bmDCA for Bolztmann Machine Direct Coupling

Analysis, have been successfully applied to tasks such as predicting protein contacts, evaluating mutational

effects, and designing functional protein sequences.

Despite their successes, bmDCA models face a major limitation: the size of the MSA is typically too small

relative to the model’s complexity. Without regularization, this imbalance severely limits their ability to

generalize beyond the observed data.

The standard 𝐿2 regularization commonly used in this context introduces its own challenges: (i) generating

functional sequences requires modifying the sampling procedure, which in turn reduces the diversity of

synthetic sequences; (ii) the different statistical features observed in the sequence data are captured with

unequal accuracy.

To address these issues, we propose a new method called Stochastic Boltzmann Machine (SBM), which relies

on a Quasi-Newton gradient descent with implicit regularization. We evaluate our approach on synthetic

data and show its efficacy in correcting uneven representation of different statistical patterns. In collaboration

with experimentalists from the University of Chicago, we show that functional protein sequences can be

generated without modifying the sampling procedure, thereby preserving the diversity of the synthetic

dataset. Finally, we discuss the persistent difficulty of evaluating such generative models, even when they

reproduce empirical statistics accurately.

In the second part of the thesis, we explore the ability of the same models to predict compensatory mutations

in protein sequences. Specifically, we introduce a method to identify mutations that exhibit positive epistatic

interactions.

We first apply this approach to serine proteases, a family of enzymes known for their functional diversity. The

mechanisms underlying this diversity, and the ability to switch protein function through a limited number of

mutations, have been a major focus of investigation. Starting from a well-chosen mutation, we aim to predict

compensatory mutations that could collectively shift the function. We compare our predictions with results

from the literature and provide preliminary experimental validation, obtained by collaborators at Sorbonne

University.

Finally, we investigate the case of E. coli dihydrofolate reductase, in which a mutation distant from the

active site is known to severely reduce catalytic activity. This long-range effect suggests an underlying

allosteric mechanism, for which collaborators at ENS have proposed a description using molecular dynamics

simulations. Using our method, we predict a compensatory mutation that further supports the understanding

of this allosteric mechanism.





Résumé

Les protéines jouent un rôle central dans la majorité des fonctions cellulaires. Comprendre le lien entre la

séquence d’acides aminés, la structure tridimensionnelle et la fonction biologique constitue donc un enjeu

majeur en biologie.

La première partie de cette thèse s’intéresse aux modèles génératifs pour les séquences de protéines. À

partir d’un alignement multiple de séquences ayant des structures et des fonctions similaires, l’objectif est de

construire un modèle capable de générer de nouvelles séquences reproduisant la diversité et les propriétés

fonctionnelles des protéines naturelles.

Nous nous intéressons en particulier aux modèles de Potts, entraînés à reproduire les fréquences individuelles

et les fréquences des paires d’acides aminés au sein d’un alignement. Ces modèles, également appelés

bmDCA (Boltzmann Machine Direct Coupling Analysis), ont démontré leur efficacité dans des tâches telles

que la prédiction des contacts dans la structure tridimensionnelle, l’évaluation des effets des mutations ou

encore la génération de séquences de protéines fonctionnelles.

Malgré leurs succès, les modèles bmDCA souffrent d’une limite majeure : la taille de l’alignement est

généralement trop faible par rapport à la complexité du modèle. En l’absence de régularisation, ce déséquilibre

restreint fortement leur capacité à généraliser au-delà des données observées.

La régularisation 𝐿2, couramment utilisée dans ce contexte, soulève certaines difficultés : (i) générer des

séquences fonctionnelles nécessite de modifier la procédure d’échantillonnage, ce qui réduit la diversité

des séquences synthétiques ; (ii) les différentes caractéristiques statistiques observées dans les données de

séquences ne sont pas capturées de manière équivalente par le modèle.

Pour répondre à ces enjeux, nous proposons une nouvelle méthode, la Stochastic Boltzmann Machine (SBM),

qui repose sur une descente de gradient quasi-Newton intégrant une régularisation implicite. Nous évaluons

cette approche sur des séquences synthétiques pour montrer qu’elle permet de mieux capturer les différents

motifs statistiques présents dans les données. En collaboration avec des expérimentateurs à l’université de

Chicago, nous montrons qu’il est également possible de générer des séquences fonctionnelles sans modifier

la procédure d’échantillonnage, ce qui permet de préserver la diversité du jeu de données artificiel. Enfin,

nous discutons de la difficulté à évaluer ces modèles génératifs, même lorsqu’ils reproduisent fidèlement les

statistiques empiriques.

Dans la seconde partie de la thèse, nous explorons la capacité de ces mêmes modèles à prédire des mutations

compensatrices dans les séquences de protéines. Plus précisément, nous introduisons une méthode permettant

d’identifier des mutations ayant des interactions épistatiques positives.

Nous appliquons d’abord cette approche à la famille des protéases à sérine, connue pour sa grande diversité

fonctionnelle. Les mécanismes à l’origine de cette diversité, et notamment la possibilité de modifier la fonction

d’une protéine avec peu de mutations, ont fait l’objet de nombreuses études. À partir d’une mutation ciblée,

nous cherchons à prédire des mutations compensatrices susceptibles d’entraîner un changement de fonction.

Nous confrontons nos prédictions aux données de la littérature et présentons des résultats expérimentaux

préliminaires obtenus par des collaborateurs de l’université de Sorbonne.

Enfin, nous nous intéressons à la dihydrofolate réductase d’E. coli, dans laquelle une mutation distante du

site actif est connue pour réduire fortement l’activité catalytique. Cet effet à longue portée suggère l’existence

d’un mécanisme d’allostérie, pour lequel des collaborateurs à l’ENS ont proposé une description grâce à des

simulations de dynamique moléculaire. Dans ce contexte, nous utilisons notre méthode pour prédire une

mutation compensatrice venant appuyer la compréhension de ce mécanisme allostérique.





Chapter summaries & research contributions

Part I: Introduction to generative protein sequence models

Chapter 1 provides a brief introduction to protein properties and key concepts that will be used and referred

to throughout the manuscript.

Chapter 2 provides a deeper exploration of statistical inference applied to protein sequences, with particular

emphasis on the Boltzmann Machine (BM), which serves as the modeling framework in this thesis. This

chapter also highlights key challenges associated with generative models, such as the evaluation of their

performance.

Part II: The undersampling problem

Chapter 3 addresses the issue of undersampling in Boltzmann Machine models. We take a closer look at two

important results from the literature: (1) the biases identified in BM inference in the context of undersampled

data, and (2) the generative power of BM models, as tested in 2020 on the Chorismate Mutase family.

Chapter 4 presents the first main contribution of this thesis: a novel inference method, the Stochastic

Boltzmann Machine, designed to mitigate undersampling biases in generative modeling of protein sequences.

At the time of writing, this work has not yet been published but has been presented in the form of contributed

talks or posters at scientific conferences. A manuscript is currently in preparation.

Part III: Beyond the distribution of natural protein sequences

Chapter 5 is an introductory chapter that outlines key concepts related to protein properties, functions,

and mutational effects. Particular emphasis is placed on the notion of epistasis and several results from the

literature that illustrate the complexity of residue interactions in protein sequences. We also explain how

mutational effects can be measured at scale using Deep Mutational Scanning (DMS) methods, and how

statistical models leverage protein sequence data to predict these effects.

The next two chapters present the second contribution of the thesis, namely the use of Boltzmann Machine

models to guide the prediction of compensatory mutations in protein sequences. In particular, we focus on

two specific objectives: (i) investigate the determinants of specificity within the serine protease family, as

detailed in Chapter 6, and (ii) support the understanding of an allosteric mechanism in the dihydrofolate

reductase family, as explored in Chapter 7.

As for Chapter 3, this work has not been shared through a publication, but has been presented at scientific

conferences. Notably, the results discussed in Chapter 7 are part of a scientific article currently in preparation:

[1] Paul Guenon, Marion Chauveau, Karolina Filipowska, Clément Nizak, Guillaume Stirnemann,

Kimberly Reynolds, Olivier Rivoire, Damien Laage. Allostery without Large Motions: Molecular
Dissection of a Minimal-Shift MWC Allosteric Regulation. In preparation.

Finally, Chapter 8 concludes the manuscript by summarizing the methods explored and the key findings of

this thesis.
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Other works

During the third year of my PhD, I contributed to the development of a Python library for coevolution

analysis on protein sequence data. This work is the subject of a forthcoming publication:

[2] Margaux Julien, Marion Chauveau, William Schmitt, Fabien Pierrel, Sophie Abby, Nelle

Varoquaux, Ivan Junier. COCOA-Tree: COllaborative COevolution Analysis Toolbox. In preparation.

Beyond the scope of this thesis, I have also been involved in the following research projects—carried out in

the continuation of my master’s internship at the Centre Borelli—which are not further discussed in this

manuscript:

Marion Chauveau, Antoine Mazarguil, Laurent Oudre. Graph dictionary learning for the study of
human motion. In Proceedings of the 2024 46th Annual International Conference of the IEEE Engineering
in Medicine and Biology Society (EMBC), pages 1–5, 2024. IEEE.

Sylvain W. Combettes, Paul Boniol, Antoine Mazarguil, Danping Wang, Diego Vaquero-Ramos,

Marion Chauveau, Laurent Oudre, Nicolas Vayatis, Pierre-Paul Vidal, Alexandra Roren, et

al. Arm-CODA: A Data Set of Upper-limb Human Movement During Routine Examination. Image
Processing On Line, vol. 14, pp. 1–13, 2024.
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1: Two additional amino acids (seleno-

cysteine and pyrrolysine) are found in

certain organisms, but will not be con-

sidered in this manuscript.

Proteins 1
Proteins are the most abundant macromolecules in cells. They not only

provide the structural framework that defines cellular shape, but also

serve as the main agents of most cellular function. This chapter provides

a concise overview of essential protein characteristics, outlines key chal-

lenges in their study, and highlights some technological breakthroughs

that have significantly shaped research in this field.

1.1 DNA to Amino Acid Sequence

The study of DNA has a long and collaborative history, involving many

researchers since the mid-19
th

century. Their combined efforts have led

to a detailed understanding of how hereditary information is encoded,

stored, and transmitted across generations [3].

Figure 1.1: General formula of an amino
acid. (Figure from [4])

The central carbon of the amino acid, also

called C𝛼 is displayed in orange. On the

left we have the Amine group, and on the

right the Carboxyl group. R represents

the side chain of the amino acid.

In all living organisms, the genetic information is organized into units

called genes, which together constitute the genotype. Each gene consists

of a sequence of nucleotides, the fundamental building blocks of DNA,

composed of four bases: adenine (A), cytosine (C), guanine (G), and

thymine (T).

The principle of complementary base pairing, in which specific bases

form stable pairs, not only ensures DNA replication but also enables

the transcription of genes into messenger Ribonucleic Acid (mRNA).

During this process, the DNA sequence of a gene is thus copied into a

complementary RNA sequence.

Once produced, the mRNA serves as a template for protein synthe-

sis through a process known as translation, during which molecular

machines called ribosomes read the mRNA sequence to assemble a

corresponding chain of amino acids.

Proteins produced through this process are composed of one or more

polypeptide chains, which are linear sequences of amino acids linked by

covalent peptide bonds. As illustrated in Figure 1.1, all amino acids share

a common structural framework centered around the C𝛼 atom, which is

bonded to an amino group, a carboxyl group, a hydrogen atom, and a

variable side chain (denoted as R). It is the nature of this side chain that

distinguishes one amino acid from another.

Figure 1.2 presents the chemical structures of the 20 standard amino

acids
1
, along with their names and abbreviations that will be used

throughout this manuscript. The side chains of these amino acids exhibit

a wide range of chemical properties: they may carry a positive or negative

charge, be polar or nonpolar, and vary in their affinity for water, from

hydrophilic to hydrophobic [5].

Ultimately, the unique sequence of amino acids, and by extension, the

sequence of their chemically diverse side chains, determines the structure

and the function of the resulting protein. Once incorporated into a

polypeptide chain, an amino acid is typically referred to as a residue, a

convention we will follow throughout this manuscript.
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Polar 

Negative Positive Uncharged

Nonpolar

A(Ala)
Alanine

V(Val)
Valine

I(Ile)
Isoleucine

L(Leu)
Leucine

M(Met)
Methionine

F(Phe)
Phenylalanine

W(Trp)
Tryptophan

C(Cys)
Cysteine

G(Gly)
Glycine

P(Pro)
Proline

(Asp) D
Aspartic Acid

(Glu) E
Glutamic Acid Arginine

(Arg) R (His) H
Histidine

(Lys) K
Lysine

Y(Tyr)
Tyrosine

S(Ser)
Serine

T(Thr)
Threonine

N(Asn)
Asparagine

Q(Gln)
Glutamine

Figure 1.2: The 20 standard amino acids, classified according to the properties of their side chains.

Each amino acid is represented by its full name, three-letter abbreviation, one-letter code (in red), and chemical structure.

1.2 Structure

After its transcription by ribosomes, a protein folds into a state of

minimum free energy known as its native conformation and also called

tertiary structure [6]. This folded state is primarily determined by the

linear sequence of amino acids and the physicochemical conditions of

the surrounding solution, such as temperature and pH [7]. However,

this conformation is not necessarily static: it can change, especially upon

interaction with other molecules, an essential feature for many protein

functions [8].

Most proteins are composed of 50 to 2000 amino acids [9], and larger

proteins often contain multiple interacting domains, i.e. structurally

independent units that each adopt their own tertiary conformation.

When several such domains come together, they form what is referred to

as the quaternary structure of the protein. Notably, a given domain can

often be found in a variety of different proteins.

Figure 1.3: 𝛼 helix and 𝛽 sheet
Examples of an 𝛼 helix (pink) and 𝛽 sheet

(blue) highlighted on a ribbon represen-

tation of the Rat Trypsin protein (PDB:

3TGI).

To describe protein structures in more detail, it is useful to recognize

that many proteins are built from recurring secondary structure motifs,

particularly 𝛼 helices and 𝛽 sheets. These patterns are especially prevalent

because they arise from regular hydrogen bonding between backbone

N–H and C=O groups, independent of the side chains. Figure 1.3 depicts

these secondary structures, which are represented as spiraling ribbons

for 𝛼 helices and aligned arrows for 𝛽 sheets.

Given the complexity of protein structures, various visual representations

are commonly used to emphasize different features. For example, Figure

1.4 presents standard representations of protein structures that we will

use throughout this manuscript (ribbon and space-filling models) all

generated using the PyMOL software [10].

All the structures presented in this manuscript originate from the RCSB

Protein Data Bank [11] and were obtained through experimental methods.

The most commonly used techniques include X-ray crystallography [12],

which needs the formation of protein crystals to analyze X-ray diffraction

patterns, and nuclear magnetic resonance (NMR) spectroscopy [13],

https://pymol.org/
https://www.rcsb.org/
https://www.rcsb.org/
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2: https://www.rcsb.
org/statistics/growth/
unique-uniprot-entries

which can also capture dynamic conformational changes in proteins.

However, because these experiments are time-consuming and costly, only

0.05% of the protein sequences in the public database UniProtKB [9] have

experimentally determined structures
2
.

Predicting protein structure from amino acid sequence has therefore

emerged as a central challenge. The availability of some experimen-

tally determined structures, combined with the abundance of protein

sequence data, has provided a strong foundation for training machine

learning models capable of accurate structure prediction. In this context,

the potential of deep learning became evident with the breakthrough

performance of AlphaFold in the 2018 edition of the Critical Assessment

of Structure Prediction (CASP) [14].

A

B

Figure 1.4: Examples of protein struc-
ture representation.
A. Ribbon model: highlights the protein’s

secondary structure elements such as 𝛼
helices (coils) and 𝛽 sheets (arrows).

B. Space-filling model: shows the van

der Waals surface of the protein, empha-

sizing the overall shape and volume.

Structure prediction is a powerful tool for getting a deeper understanding

of proteins. However, it represents only one part of the puzzle. Whether

obtained experimentally or computationally, protein structures are often

static snapshots of conformations, which may differ from the dynamic

and context-dependent environments in which proteins operate.

1.3 Function

Proteins perform a wide variety of functions in living organisms. They

provide structure, transport molecules, transmit signals, catalyze chemi-

cal reactions, protect against pathogens and so on [5]. While this thesis

is not dedicated to a specific functional category, all the examples on

which we will focus in the following happen to fall under the category of

enzymes.

Enzymes are proteins that act as catalysts, which means that they ac-

celerate biochemical reactions without being consumed. These proteins

can also be classified into several categories, each highly specialized

and effective in catalyzing a particular type of reaction. For example,

proteases are enzymes that cleave peptide bonds, a function essential for

digestion or cellular regulation
3

3: In Section 5.1.3, we briefly describe the

experimental approaches used to evalu-

ate the functional activity of enzymes.

.

While functional labels such as “enzyme,” “receptor,” or “transporter”

are helpful for studying proteins, it is important to emphasize that all

these types of proteins rely on molecular interactions to fulfill their

roles. Antibodies attach to pathogen and flag them for elimination; actin

monomers assemble into filaments; enzymes bind substrates to accelerate

chemical reactions. In the end, it is all these interactions that are at the

foundation of cellular life.

1.3.1 Revolution at the lab bench

Part of the data presented in this thesis was obtained through experiments

carried out by collaborators. Such studies are made possible by tools that

allows us to manipulate DNA in a test tube or an organism. These include

the ability to cut and ligate DNA fragments, enabling the modular

assembly of genetic elements; to clone DNA, producing billions of

copies from a single molecule [15]; to chemically synthesize arbitrary

DNA sequences, even those not found in nature [16]; and to read the

exact nucleotide composition of any DNA molecule through sequencing

methods [17]. Thanks to these tools, we can, for example, engineer cells to

express proteins (artificial or not), while knocking out the gene coding for

https://www.rcsb.org/statistics/growth/unique-uniprot-entries
https://www.rcsb.org/statistics/growth/unique-uniprot-entries
https://www.rcsb.org/statistics/growth/unique-uniprot-entries
https://www.uniprot.org/
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4: Today, sequencing a human genome

costs on the order of a thousand dol-

lars, compared to approximately 3 bil-

lions dollars at the time of the first

genome project, before the advent of next-

generation approaches.

the native version, a strategy that will appear at several points throughout

this thesis.

One of the most significant revolutions, if not the most significant,

in modern biology has been the advent of next-generation sequencing

technologies, which have led to a dramatic reduction in sequencing

costs.
4

The introduction of Illumina platforms in 2006–2007 marked the

rise of second-generation sequencing [17], followed by the development

of third-generation methods such as Nanopore sequencing in 2015 [18].

If understanding what proteins do, and how they do it, has long stood

as a central question in biology, our capacity to address it has changed

dramatically over the past three decades thanks to these technological

advances. Large-scale repositories like UniProtKB now host billions of

sequences [9], providing the raw material for novel lines of research.

These include approaches grounded in statistical physics, presented in

Chapter 2, as well as deep learning methods, briefly reviewed in Section

2.2.

1.3.2 Function through evolution

How is it possible that most proteins in living organisms consistently

adopt well-defined, stable conformations? And how do protein inter-

actions with other molecules achieve such remarkable specificity, in

that they typically bind only one or a few partners among thousands

of potential interactors? The answer lies in evolution through natural

selection.

During evolution, several mechanisms generate sequence diversity. Spon-

taneous point mutations arise from replication errors and environmental

damage; gene duplication creates redundant copies that can diverge,

yielding paralogues; and horizontal gene transfer moves genetic material

between cells. The proteins we observe today represent the subset of

variants that have survived natural selection, maintaining or improving

the organism’s capacity for survival, growth, and reproduction in a given

environment, collectively referred to as fitness.

Despite sometimes considerable divergence, many of these protein se-

quences still share a common structure and related functions. Recognising

such evolutionary relationships is essential, and is formalised through

the concepts of homology and protein families.

1.4 Protein families & homology

In evolutionary biology, homology refers to the similarity between

characteristics of organisms that arises from their shared ancestry. When

applied to proteins, it underpins the concept of families: groups of

proteins that, despite having diverged over long evolutionary timescales,

retain significant structural and functional similarities [20].

An illustrative example is provided by the serine proteases, a large

family of enzymes that includes, among others, the digestive enzymes

chymotrypsin and trypsin [21]. As shown in Figure 1.5A, the similarity

between their three-dimensional structures is remarkable. If we now

examine amino acid sequences of proteins belonging to this family, as

depicted in Figure 1.5B, we observe regions of strong conservation as

well as positions showing considerable variability.
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A

C

B
IVGGYTCQENSVPYQVSLNS-----GYHFCGGSLINDQWV
XVGGTEAQRNSWPSQISLQYRSGSSWAHTCGGTLIRQNWV
IVGGRRARPHAWPFMVSLQLR----GGHFCGATLIAPNFV
IIGGTESKPHSRPYMAYLEIVTSNGPSKFCGGFLIRRNFV
IIGGHEAKPHSRPYMAYLQIMDEYSGSKKCGGFLIREDFV
IIGGHEAKPHSRPYMAFLLFKT-SGKSHICGGFLVREDFV
IVEGSDAEIGMSPWQVMLFRKS--PQELLCGASLISDRWV
XIGGRESRPHSRPYMAYLQIQS-PAGQSRCGGFLVREDFV
IIGGHEAKPHSRPYMAYLMIWD-QKSLKRCGGFLIQDDFV
IIGGVESIPHSRPYMAHLDIVTEKGLRVICGGFLISRQFV
IVGGHEAQPHSRPYMASLQMRG-NPGSHFCGGTLIHPSFV

Figure 1.5: Example of the S1A family.

A. Superposition of the structures of rat trypsin (PDB 3TGI, beige) and bovine chymotrypsin (PDB 1T8O, grey), illustrating the high

structural similarity between these enzymes.

B. Segment of a multiple sequence alignment (adapted from [19]).

C. Sequence logo representation showing amino acid frequencies at each site of the alignment. For example, position 12 is highly

conserved, while position 25 exhibits significant amino acid variability.

Some of these sequence differences were likely favored by natural se-

lection because they, for example, allowed the protein to acquire new

functional properties. However, many other amino acid substitutions are

neutral, having little to no impact on the overall structure or function of

the protein. Remarkably, a relatively small number of conserved amino

acids may suffice to preserve the same structural fold and biological

function. Thus, it is not uncommon for two proteins that share a fold and

function to differ in more than 70% of their amino acid sequences [22].

This does not mean that all non-conserved residues in such proteins are

unimportant for structure or function, but rather that their role emerges

through interactions with other residues, a point to which we will return

in Section 1.5.1.

While this discussion has focused on serine proteases, the same princi-

ples apply to hundreds of other protein families; in general, the three-

dimensional structure of family members is more highly conserved than

their amino acid sequences.

To systematically study protein families, we can rely on resources such

as Pfam (now integrated into the Interpro database [23]), which, for

example, catalogues proteins based on their family classification. In the

context of this thesis, we will typically make use of such databases and

particularly the multiple sequence alignments they provide.

1.4.1 Multiple Sequence Alignments

A multiple sequence alignment (MSA) is obtained through a compu-

tational method that typically identifies regions of similarity that may

indicate functional, structural, or evolutionary relationships. In an MSA,

sequences are arranged so that homologous residues are aligned in

columns, and gaps are introduced to account for insertions or deletions

that have occurred over evolutionary time [24]. At the end of the process,

we obtain 𝑀 sequences, each having the same length 𝐿.
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5: The HMMER suite [27] is for example

widely used to build a profile Hidden

Markov Model (HMM) from a seed align-

ment. This model can then be used to

search databases for additional family

members.

6: 𝑓𝑖 𝑗(𝑎, 𝑏) = 𝑓𝑗𝑖(𝑏, 𝑎), but in general

𝑓𝑖 𝑗(𝑎, 𝑏) ≠ 𝑓𝑖 𝑗(𝑏, 𝑎)

An example of such an alignment is shown in the case of serine proteases

in Figure 1.5B. MSAs can also be visualized as profile logos, where the

height of each letter reflects the frequency of the corresponding amino

acid at that position (Figure 1.5C), providing an intuitive representation

of sequence conservation and variability.

Several methods exist for constructing MSAs, including widely used tools

such as MAFFT [25] and MUSCLE [26], each with its own optimization

strategy.

In practice, to obtain an MSA for a given protein family, one can either

obtain an alignment from databases such as Pfam, or construct a custom

alignment. The latter typically involves the selection of representative

sequences based on prior knowledge of well-characterized members,

combined with automatic searches across large protein databases such

as UniProtKB.
5

Defining what constitutes a “good” alignment, choosing appropriate

sequences, defining an objective function, and optimizing it, is a challeng-

ing task that remains an active area of research. A detailed discussion

of these issues is beyond the scope of this work; the interested reader is

referred to relevant reviews [24, 28].

The MSAs used in this thesis are either derived from previous studies,

cited where appropriate, or provided by collaborators, as is the case for

the alignment used in Chapter 6.

Once an alignment has been obtained, it can serve as a starting point to

perform various analyses. Indeed, as proteins have evolved under the

pressure of natural selection, their sequences encode rich information

about the evolutionary constraints that have shaped their function and

structure.

1.5 Statistical analysis of MSAs

Throughout this manuscript, we denote an amino acid sequence 𝑚 of

length 𝐿 as

{
𝜎(𝑚)
𝑖

}𝐿
𝑖=1

. Given an MSA of size 𝑀, we can calculate the

empirical frequency 𝑓𝑖(𝑎) of observing amino acid 𝑎 at position 𝑖, as

well as the joint frequency 𝑓𝑖 𝑗(𝑎, 𝑏) of observing amino acids 𝑎 and 𝑏 at

positions 𝑖 and 𝑗 respectively
6
:

𝑓𝑖(𝑎) =
1

𝑀

𝑀∑
𝑚=1

𝛿(𝜎(𝑚)
𝑖
, 𝑎), (1.1)

𝑓𝑖 𝑗(𝑎, 𝑏) =
1

𝑀

𝑀∑
𝑚=1

𝛿(𝜎(𝑚)
𝑖
, 𝑎)𝛿(𝜎(𝑚)

𝑗
, 𝑏) (1.2)

where 𝛿(𝑥, 𝑦) = 1 if 𝑥 = 𝑦, and 0 otherwise.

The frequency profiles offer a quantitative glimpse into the variability and

conservation of residues across a protein family. As already mentioned,

this information can be visualized through sequence logos as shown

in Figure 1.5. It is also possible to quantify how much the amino acid

distribution at a given site deviates from an expected neutral drift using

the Kullback–Leibler relative entropy [29].
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1.5.1 Scales of Coevolution
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Coevolving residues

Figure 1.6: How evolutionary con-
straints influence sequence variability
among homologs
At the top, a schematic illustrates a pro-

tein sequence folded in such a way that

the two red residues are in physical con-

tact. The evolutionary conservation of

this contact induces coevolution between

the two residues and gives rise to statisti-

cal correlations between the correspond-

ing columns in the multiple sequence

alignment.

Beyond conservation, statistical dependencies between positions can

reveal patterns of coevolution. As illustrated in Figure 1.6, couplings

between amino acids that are crucial for maintaining function or structure

typically lead to correlated mutations, or coevolution, which can be

detected through statistical analysis.

A basic measure of such statistical dependency is this correlation, de-

fined as the deviation of the joint frequency from the product of the

marginals:

𝐶𝑖 𝑗(𝑎, 𝑏) = 𝑓𝑖 𝑗(𝑎, 𝑏) − 𝑓𝑖(𝑎) 𝑓𝑗(𝑏). (1.3)

As shown in Figure 1.7, this correlation matrix computed on a given

protein family typically spans a wide range of scales, both in terms of

intensity and in the number of positions involved.

Numerous studies focusing on different protein families have shown that

these correlations are indeed present across multiple scales [30–32].

At the smallest scale, pairwise coevolution typically reflects direct physi-

cal interactions, such as atomic contacts in the three-dimensional struc-

ture [33–35] (see Figure 1.6).

Beyond these local features, a continuum of collective interactions has

also been identified. For instance, some networks of coevolving residues,

often referred to as sectors [19, 29, 32, 36], have been linked to key

functional properties, including binding affinity, enzymatic activity [19],

and allosteric communication [36]
7

7: Allostery refers to the thermodynamic

coupling of distant sites without direct

physical interaction and will be further

discussed in Chapter 7.

.

However, these multi-scale interactions are not directly inferred from raw

statistical correlations. Indeed, interpreting correlations is challenging for

several reasons: the data are typically in a regime of undersampling; two

positions may appear correlated without direct interaction; and sampling

biases arise from the evolutionary relationships between sequences, as

well as the overrepresentation of certain species in sequence databases.

Figure 1.7: Correlation matrix of a Cho-
rismate Mutase MSA.
Frobenius norm of the correlation matrix

𝐶𝑖 𝑗(𝑎, 𝑏) computed from an MSA of 1258

Chorismate Mutase sequences [30].

These challenges have motivated the development of a wide range of

computational approaches aimed at extracting structural and functional

insights from sequence data [29, 37, 38].

In Chapter 2, we will delve into the Direct Coupling Analysis (DCA)

framework, which has been used both to predict tertiary contacts and as a

generative model. Before that, we take a closer look at another important

strategy to identify protein sectors: Statistical Coupling Analysis.

1.5.2 Protein sectors

Statistical Coupling Analysis (SCA) [19, 29, 39] is an approach originally

inspired by methods applied in finance to study correlations in stock

market data [40].

Given a multiple sequence alignment, the initial step of the procedure

involves weighting the sequences to mitigate sampling biases. This

important step is common to other approaches and will be discussed in

more detail in Section 2.1.6.

SCA then uses the correlation matrix, defined in Equation 1.3, combined

with a measure of amino acid conservation, to compute a matrix of



18 1 Proteins

A

C

B

Figure 1.8: Protein sectors in the S1A family. (Figure from [32])

A. Projection of the sequence positions 𝑖 along the vectors 𝑉 𝑘
, obtained by rotating the top four eigenvectors of the SCA matrix 𝐶̃𝑖 𝑗 . Each

sector 𝑘 is defined as the set of positions whose projection along 𝑉 𝑘
exceeds a chosen threshold. Sectors are color-coded: purple (𝑘 = 1),

green (𝑘 = 2), red (𝑘 = 3), and cyan (𝑘 = 4).

B. Two views of the Rat trypsin structure (PDB: 3TGI), with residues belonging to the four sectors highlighted in the same colors as in

panel A. Notably, the sectors form spatially contiguous groups of residues that are in contact in the 3D structure.

C. Sequence positions of the residues belonging to each sector. As shown, sectors may span distant regions along the primary sequence.

8: This property will be the main focus

of Chapter 6.

conserved correlations, denoted 𝐶̃𝑖 𝑗 . From this matrix, coevolving units

are extracted through the following steps:

1. Computing the eigenvectors corresponding to the top eigenvalues

of 𝐶̃𝑖 𝑗 .
2. Applying Independent Component Analysis (ICA) to rotate these

eigenvectors into statistically independent components.

3. Defining each sector as the set of positions contributing most

strongly to a given component.

This methodology has since been applied to a broad range of protein fam-

ilies, and the resulting sectors have been tested experimentally in several

systems. Notable examples include serine proteases [19], dihydrofolate

reductase [36], and rhomboid proteases [41].

In Chapter 6 and Chapter 7, we focus on two such families, the serine

proteases and the dihydrofolate reductases, in which SCA has identified

sectors associated with distinct functional properties [19, 29, 32, 36].

As an example, Figure 1.8 presents results from a SCA performed by

Olivier Rivoire on the serine protease family [32]. The contribution of each

position to the different components is shown in Figure 1.8A, highlighting

the independence of the resulting sectors. Analyzing the spatial and

sequential distributions of these independent groups shows that they

are in contact in the 3D structure, even though they are scattered along

the sequence (Figure 1.8B & C).

More importantly, these sectors have been associated with specific bio-

chemical properties. For example, the green sector has been experi-

mentally linked to the catalytic activity of the enzyme, while the red

sector is associated with substrate specificity, i.e., the enzyme’s ability to

selectively recognize and act on particular substrates.
8
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1.6 Concluding remarks

In this chapter, we have outlined key features of proteins, focusing

in particular on the concept of protein families—groups of sequences

sharing similar structures and functions—and on how such sequences

can be processed into multiple sequence alignments (MSAs) for statistical

analysis.

We have also emphasized the importance of technological advances

that have made it possible to collect sufficiently large datasets of pro-

tein sequences, enabling the application of statistical inference methods.

One such method, which will serve as a central tool throughout this

manuscript, is the Boltzmann Machine. It will be introduced and dis-

cussed in detail in the following chapter.





1: Hinton received the 2024 Nobel Prize

in Physics, together with John Joseph

Hopfield, for “foundational discover-

ies and inventions that enable machine

learning with artificial neural networks.”

2: Both the BM and the Restricted Boltz-

mann Machine (RBM) are special cases

of the general architecture introduced

in [42], which features a visible layer, a

hidden layer, and full pairwise couplings

among all variables.

Generative models for protein
sequences 2
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Figure 2.1: Schematic illustration of the
Boltzmann-Machine architecture for a
protein sequence.
The upper row shows a four-residue se-

quence, GNDA. The panel below depicts

the corresponding undirected graphical

model, where each vertex represents a

residue. Pairwise couplings and the local

fields acting on each vertex are indicated.

The main goal of statistical inference is to estimate the 𝑁𝑝 parameters

𝜽 ∈ ℝ𝑁𝑝
of a statistical model

𝑃(𝐷;𝜽) : D×ℝ𝑁𝑝 −→ [0, 1], (2.1)

given a data set 𝐷∗, assuming that 𝐷∗ ∼ 𝑃(𝐷;𝜽).

Statistical modeling therefore involves two main steps: (i) choosing a

probabilistic model 𝑃(𝐷;𝜽), and (ii) selecting an inference procedure to

estimate 𝜽 from the observed data 𝐷∗.

This thesis deals with statistical inference for protein sequences. The data

consist of homologous proteins selected by natural evolution to perform a

common biological function (see Section 1.4). In particular, we work with

multiple-sequence alignments (MSAs) containing 𝑀 sequences from the

same family, each aligned to a common length 𝐿 (Section 1.4.1).

Throughout this study, we adopt the Boltzmann Machine as our modeling

framework. This chapter introduces this model and highlights the key

challenges of training it and using it to design protein sequences.

2.1 Boltzmann Machine

First proposed in 1983 by Ackley, Sejnowski, and Hinton
1
, the Boltz-

mann Machine (BM) is an undirected graphical model, i.e. a probability

distribution on a multidimensional space, defined by an interaction

graph [42].

As shown in Figure 2.1, the graph contains a set of random variables 𝝈 that

interact through a coupling matrix 𝑱. In the context of protein sequences,

each node corresponds to a sequence position and may assume 𝑞 = 21

states (the 20 standard amino acids plus the gap).
2

A configuration of the system is an amino acid sequence 𝝈 = {𝜎𝑖}𝐿𝑖=1
,

whose probability follows the Boltzmann distribution

𝑃({𝜎𝑖}𝑖=1,...,𝐿) =
𝑒−𝐸(𝝈)

𝑍(𝒉 , 𝑱) , (2.2)

with statistical energy

𝐸(𝝈) = −
𝐿∑
𝑖=1

ℎ𝑖(𝜎𝑖) −
∑
𝑖< 𝑗

𝐽𝑖 𝑗(𝜎𝑖 , 𝜎𝑗), (2.3)

and partition function

𝑍(𝒉 , 𝑱) =
∑̃
𝝈∈S

𝑒−𝐸(𝝈̃). (2.4)

The model parameters—the local fields ℎ𝑖(𝜎𝑖) and pairwise couplings

𝐽𝑖 𝑗(𝜎𝑖 , 𝜎𝑗)—must be inferred from data; the inference procedure is detailed

in Section 2.1.2.
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3: Inverse approaches appear in many

fields, from neuroscience and finance to

collective animal behaviour such as bird

flocks [44, 45].

4: Because 𝑓𝑖 𝑗(𝑎, 𝑏) = 𝑓𝑗𝑖(𝑏, 𝑎).

5: Viewed through the lens of infer-

ence, the Gibbs-Boltzmann distribution

follows directly from the maximum-

entropy principle. Statistical mechanics,

however, is a physical theory; borrowing

its formalism does not imply the same

physical interpretation.

Mathematically, the BM is equivalent to the Potts model, and estimating

its parameters is known in statistical physics as the *Inverse Potts prob-

lem* [43]. Whereas conventional statistical physics predicts macroscopic

observables from known microscopic laws, inverse problems proceed

in the opposite direction: starting from empirical data, one seeks to

reconstruct the underlying microscopic interactions.
3

Notably, the Boltzmann-Machine model can also be derived from the

maximum-entropy principle, which we introduce next.

2.1.1 A maximum entropy approach

Assume that the information contained in a data set can be summarised by

a vector of statistics. Formulated in 1957 by Edwin Thompson Jaynes [46,

47], the maximum-entropy principle asserts that the least-biased model

consistent with these statistics is the distribution that maximises Shannon

entropy, subject to normalisation and to constraints on the expected

values of the chosen statistics.

Given an MSA 𝝈 = {𝝈(𝑚)}𝑀
𝑚=1

with 𝑀 sequences, maximising the Shan-

non entropy

𝐻(𝑃) = −
∑
𝜎

𝑃(𝜎) log𝑃(𝜎) (2.5)

under the normalisation condition

∑
𝜎 𝑃(𝜎) = 1 and under constraints

on empirical single-site and pairwise amino acid frequencies leads to the

Boltzmann distribution of Equation 2.2.

The 𝑞 × 𝐿 single-site constraints, for each position 𝑖 ∈ {1, . . . , 𝐿} and

residue 𝑎 ∈ {0, . . . , 20}, read∑
𝝈

𝑃(𝝈) 𝛿(𝜎𝑖 , 𝑎) =
1

𝑀

𝑀∑
𝑚=1

𝛿(𝜎(𝑚)
𝑖
, 𝑎) = 𝑓𝑖(𝑎), (2.6)

while the 𝑞2 𝐿(𝐿 − 1)/2 pairwise constraints
4

are∑
𝝈

𝑃(𝝈) 𝛿(𝜎𝑖 , 𝑎) 𝛿(𝜎𝑗 , 𝑏) =
1

𝑀

𝑀∑
𝑚=1

𝛿(𝜎(𝑚)
𝑖
, 𝑎) 𝛿(𝜎(𝑚)

𝑗
, 𝑏) = 𝑓𝑖 𝑗(𝑎, 𝑏). (2.7)

Introducing Lagrange multipliers for each constraint yields the distribu-

tion in Equation 2.2; the fields and couplings act as the multipliers and

are chosen so that Equation 2.6 and Equation 2.7 are satisfied [48].
5

Although the model in Equation 2.2 results from the specific constraints

introduced above, alternative models can be derived by enforcing differ-

ent sets of constraints. The question of how to choose relevant observables

within the maximum entropy framework is addressed later in Section

2.1.7.



2.1 Boltzmann Machine 23

6: This is equivalent to minimising the

Kullback–Leibler divergence between

the empirical distribution and the model

distribution.

7: One might say that computing the par-

tition function is the problem of statistical

mechanics.

2.1.2 Maximum Likelihood Estimation (MLE)

The inference of the Boltzmann Machine model introduced in Section 2.1

can be stated as:

Definition 2.1.1 (BM inference from an MSA)
Given the empirical single-site frequencies 𝑓𝑖(𝑎) and pairwise frequencies
𝑓𝑖 𝑗(𝑎, 𝑏) computed from a multiple sequence alignment, BM inference consists
in finding the parameters 𝜽∗ = {𝑱∗ , 𝒉∗} such that the constraints in Equation
2.6 and Equation 2.7 are satisfied.

This inference problem naturally fits within the framework of Maxi-

mum Likelihood Estimation (MLE). Given a multiple sequence align-

ment {𝝈(𝑚)}𝑀
𝑚=1

and a model 𝑃(𝝈 | 𝜽), the maximum likelihood prin-

ciple prescribes choosing the parameters that maximise the average

log-likelihood
6
:

𝜽∗ = arg max

𝜽

1

𝑀

𝑀∑
𝑚=1

log𝑃(𝝈(𝑚) | 𝜽), (2.8)

whereL(𝜽) = 1

𝑀

∑𝑀
𝑚=1

log𝑃(𝝈(𝑚) | 𝜽)denotes the average log-likelihood

of the data.

It can be shown that the inference problem in Definition 2.1.1 follows

directly from this principle. The 𝑞 × 𝐿 + 𝑞2 𝐿(𝐿−1)
2

constraints in Equation

2.6 and Equation 2.7 are recovered by setting the derivatives of L(𝜽)
with respect to the model parameters to zero:

0 =
𝜕L(𝜽)
𝜕ℎ𝑖(𝑎)

=
∑
𝝈

𝑃(𝝈)𝛿(𝜎𝑖 , 𝑎) − 𝑓𝑖(𝑎), (2.9)

0 =
𝜕L(𝜽)
𝜕𝐽𝑖 𝑗(𝑎, 𝑏)

=
∑
𝝈

𝑃(𝝈)𝛿(𝜎𝑖 , 𝑎)𝛿(𝜎𝑗 , 𝑏) − 𝑓𝑖 𝑗(𝑎, 𝑏). (2.10)

However, a major difficulty arises at this point: evaluating the likelihood

requires computing the partition function 𝑍(𝜽), which involves summing

over all possible sequences:

𝑍(𝜽) =
∑̃
𝝈∈S

𝑒−𝐸(𝝈̃).

This sum contains 𝑞𝐿 terms, which is intractable in practice for typical

protein lengths
7
.

As a result, numerical approximations are required. In the following

section, we describe in more detail the optimisation procedure used

throughout this thesis.

2.1.3 Gradient descent optimization

Assuming that the objective is to minimise the negative log-likelihood, the

model parameters can be updated using gradient descent:

𝜽𝑡+1 = 𝜽𝑡 + 𝜂𝑡𝒑𝑡 , (2.11)

where 𝒑𝑡 denotes the search direction, 𝜂𝑡 the learning rate, and 𝜽𝑡 is the

parameter vector at iteration 𝑡 (of dimension 𝑁𝑝).
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8: A short description of the Metropo-

lis–Hastings algorithm used throughout

this thesis is provided in Section A.2

The choice of 𝒑𝑡 depends on the optimisation algorithm. In the case of

Vanilla Gradient Descent (VGD), it corresponds to the gradient of the

objective function, as given by Equation 2.9 and Equation 2.10.

The inference procedure involves generating 𝑁chains synthetic sam-

ples from the model at each iteration 𝑡, using Markov Chain Monte

Carlo (MCMC) methods such as Gibbs sampling [49] or Metropo-

lis–Hastings [50, 51].
8

These samples are used to estimate the model

expectations and thus approximate the gradient needed to update the

parameters.

A pseudocode version of the algorithm is provided below. The main

hyperparameters are summarised in the schematic representation shown

in Figure 2.2.

Algorithm 1: Boltzmann Machine learning (pseudocode)

Input: 𝜽0, 𝑁chains, 𝑁iter

9

9: Alternatively, training can be stopped

once a convergence criterion is met, such

as a sufficiently small gradient norm.

Note that the log-likelihood cannot be

monitored directly during training.

1 for 𝑡 = 1, ..., 𝑁iter : do
2 Generate 𝑁chains sequences ∼ 𝑃(𝝈 | 𝜽𝑡) using MCMC;

3 Compute 𝒑𝑡 from the 𝑁chains samples;

4 𝜽𝑡+1 = 𝜽𝑡 + 𝜂𝑡𝒑𝑡 ;
5 end

...

... ...
MCMC

Freq.

Pair-freq.

kmc

θt θt+1

Figure 2.2: Schematic illustration of the
gradient descent algorithm.
At each iteration 𝑡, model parameters

are stored in the vector 𝜽𝑡 . A Monte

Carlo simulation is then used to generate

𝑁
chains

samples from the current model.

After 𝑘mc MCMC steps, the sampled

sequences are used to compute single-

site and pairwise frequencies, which are

needed to estimate the gradient of the

objective function. The 𝑁
chains

Markov

chains are run in parallel, each for the

same number of steps.

The algorithm starts from an initial guess for the parameters. While this

choice is arbitrary in principle, a good initialisation can considerably

accelerate convergence. A common strategy is to initialise with the

parameters of an independent model, where pairwise couplings are set

to zero.

Once the model has been trained, it can be used to sample artificial

sequences (see Section 2.1.10), for which single-site and pairwise fre-

quencies are expected to match those of the training data, as they are

explicitly fitted. Interestingly, it has been shown that the model also

captures additional statistics that are not imposed during training. For

instance, third-order correlations are often well reproduced, and Princi-

pal Component Analysis (PCA) yields similar distributions for artificial

and natural sequences. The apparent statistical indistinguishability be-

tween model-generated and natural sequences is often taken as evidence

that the Boltzmann Machine serves as an effective generative model for

protein sequences. We postpone to Section 2.3 a thorough discussion of

what constitutes a good generative model.

Nevertheless, several computational and statistical challenges remain,

which are the subject of ongoing research. These issues will be discussed

in the following sections.

2.1.4 The MCMC bottleneck

In practice, the efficiency of the learning procedure, as well as the quality

of the inferred model, is often limited by the MCMC sampling step,

which becomes increasingly demanding as sequence length grows.

In theory, proper sampling requires that the number of MCMC steps

exceeds the mixing time of the system. However, studies on standard

datasets such as MNIST have shown that the mixing time is typically

large and tends to increase over the course of training [52]. As a result,
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10: When this last condition is not met,

i.e., when sampling is performed at equi-

librium rather than under the same con-

ditions as training, a reduction in sam-

ple diversity is typically observed. While

this observation was made for RBM mod-

els, it likely extends to MCMC-MLE ap-

proaches more generally. This aspect is

further explored in Section A.3, in the

context of a BM trained on protein se-

quences.

even with large values of 𝑘mc, training is likely to operate under non-

equilibrium conditions, which can affect the properties of the learned

model.

Interestingly, Decelle et al. [52] have shown that this out-of-equilibrium

regime can be leveraged to efficiently generate high-quality samples: by

initializing MCMC chains from random sequences, using a small 𝑘mc,

and generate synthetic data using the same number of MCMC steps as

employed during training.
10

On the other hand, if the goal is to match

the equilibrium distribution of the model to that of the dataset, 𝑘mc

must be set much larger than the mixing time, which is computationally

expensive.

Besides resorting to inference methods that bypass MCMC sampling

(see Section 2.1.9), several strategies have been proposed to reduce the

computational cost of training these models.

One such method is Contrastive Divergence (CD), which consists in initial-

izing the MCMC chains with natural sequences from the dataset. This is

based on the assumption that natural sequences are good approximations

of equilibrium samples for a well-trained model [53].

Another widely used approach, called Persistent Contrastive Divergence

(PCD), reuses the final states of the chains from the previous iteration [54].

This method assumes that if the parameters change smoothly during

training, the equilibrium distribution evolves accordingly, and only a few

MCMC steps are needed to maintain approximate equilibrium. However,

PCD tends to explore the distribution locally and may remain trapped

in a single mode, especially when the probability landscape becomes

sharply peaked.

Regardless of the exact MCMC strategy used, the training of BM models

(and MCMC-MLE methods in general) is complex and remains an active

topic of research.

2.1.5 The undersampling bottleneck

Inverse Potts models are typically inferred from MSAs containing 𝑀 ∼
10

2
–10

5
sequences, which is much smaller than the size of the parameter

space, scaling as 𝑞2𝐿2 ∼ 10
5
–10

7
. As a result, any inference method,

even those discussed later in Section 2.1.10, must be combined with

regularization techniques to prevent overfitting or to make the problem

tractable in practice.

This crucial aspect of model inference is the central focus of the second part

of this thesis. In particular, we will briefly review the most common reg-

ularization strategies in Section 3.2, discuss the undersampling-induced

biases reported by Kleeorin et al. [30] in Section 3.3, and introduce a

solution to mitigate these effects in Chapter 4.

2.1.6 Phylogenetic biases

A key assumption underlying BM modelling is that homologous protein

sequences are independently sampled from an equilibrium distribution.

In practice, this assumption is clearly violated due to the shared evo-

lutionary history of the sequences, which introduces correlations that

arise not from functional or structural constraints, but from phylogenetic

relationships [55].
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11: This is the gauge that we will use

to compare couplings of models trained

with different inference procedures. For

further technical details on this gauge

transformation, see Section A.1

A common strategy to mitigate this bias is to compute weighted statis-

tics [56]:

𝑓𝑖(𝑎) =
1

𝑀eff

𝑀∑
𝑚=1

𝑤(𝑚)𝛿(𝜎(𝑚)
𝑖
, 𝑎), (2.12)

𝑓𝑖 𝑗(𝑎, 𝑏) =
1

𝑀eff

𝑀∑
𝑚=1

𝑤(𝑚)𝛿(𝜎(𝑚)
𝑖
, 𝑎)𝛿(𝜎(𝑚)

𝑗
, 𝑏), (2.13)

where the weight 𝑤(𝑚) is inversely proportional to the number of se-

quences that share more than 𝛼% identity with sequence𝑚. The quantity

𝑀eff =
∑𝑀
𝑚=1

𝑤(𝑚) is referred to as the effective number of sequences,

accounting for redundancy in the dataset. This effective count depends

on the identity threshold 𝛼, which is typically set around 70–80%.

2.1.7 The model specification problem

As mentioned in Section 2.1.1, alternative models can be derived by enforc-

ing different sets of constraints within the maximum entropy framework.

This raises a fundamental question: what is the most appropriate choice

of statistical constraints?

Imposing only the single-site frequencies leads to an independent, or

profile, model. These models, often combined with tools such as Hidden

Markov Models, are widely used to align sequences to a given family.

However, independent models have been shown to fail at generating

functional sequences in experimental assays [57, 58].

Interestingly, constraining only single-site and pairwise frequencies

already allows the BM model to reproduce higher-order statistics when

trained on protein sequences. However, this does not imply that all one-

and two-site statistics are important, or that collective variables could

not provide a more relevant description. Several studies have therefore

introduced methods to remove couplings considered as spurious [59,

60]. These so-called decimation, or pruning, schemes may be viewed as a

practical form of regularisation.

2.1.8 Gauge invariance

Because frequencies sum to one, the number of independent constraints is

smaller than the number of model parameters. As a result, the probability

distribution remains unchanged under certain transformations known

as gauge transformations.

Several conventions exist to fix the gauge of the model. In this manuscript,

we will adopt the commonly used zero-sum gauge [34], also referred to as

the Ising gauge, which imposes
11

:∑
𝑎

ℎ𝑖(𝑎) =
∑
𝑎

𝐽𝑖 𝑗(𝑎, 𝑏) =
∑
𝑏

𝐽𝑖 𝑗(𝑎, 𝑏) = 0. (2.14)

This choice of gauge has the effect of minimising the Frobenius norm of

the coupling matrix, defined over amino acid indices as:

∥𝐽𝑖 𝑗∥ =
√∑

𝑎,𝑏

𝐽𝑖 𝑗(𝑎, 𝑏)2. (2.15)
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12: Another mean-field approach, intro-

duced in 2013 [31], reduces the number

of parameters by introducing a low-rank

representation of the coupling matrix.

13: However, maximizing each local like-

lihood independently yields asymmetric

couplings, i.e., 𝐽𝑖 𝑗 ≠ 𝐽𝑗𝑖 . In practice, the

average of the two is used for contact

prediction (see Section 2.1.10)

2.1.9 Other inference procedures

The BM learning approach [58, 61, 62] we have just described is neither the

first nor the only method that has been used to estimate the parameters

of the inverse Potts model in the context of protein sequences. In the

following, we briefly review several important inference procedures that

have been applied in this field.

Mean-field (MF) approximation [38]:

This was one of the first methods applied to inverse Potts model inference

and remains among the most computationally efficient. In general terms,

if the system consists of interacting units, the mean-field approximation

assumes that the joint probability distribution can be factorized over

these units. A generalisation of the standard MF approach, known as

the Plefka expansion [63] or small-coupling expansion, leads to self-

consistent equations in which estimating the coupling matrix reduces to

inverting the empirical correlation matrix (Equation 1.3).
12

This method has been successfully applied to the prediction of contacts in

protein 3D structures. However, under this approximation, the statistical

constraints given in Equation 2.6 and Equation 2.7 are not satisfied, and

the model does not reproduce the empirical statistics.

Gaussian approximation [64]:

In this approach, protein sequences are represented as real-valued vectors,

and a multivariate Gaussian distribution is defined over this continuous

space. The mean and covariance matrix of the distribution are inferred

within a Bayesian framework. As in the mean-field approximation,

the coupling matrix is ultimately obtained by inverting the estimated

covariance matrix.

Pseudo-likelihood maximization [34, 65]:

This inference method approximates the global likelihood function by a

product of single-site conditional probabilities, defining the so-called

pseudo-likelihood function. This approach is computationally efficient since

the gradients can be computed exactly and has been shown to outperform

the mean-field approximation in contact prediction tasks. Moreover, it

can be shown that for Gibbs distributions, the estimators obtained from

pseudo-likelihood converge to the maximum likelihood estimators in the

infinite sampling limit.
13

Autoregressive model [66]:

This approach relies on factorizing the joint probability of a sequence

into a product of conditional probabilities using Bayes’ rule. Inference

can then be carried out similarly to pseudo-likelihood maximization,

with exact computation of gradients. According to [66], this method

offers comparable performance to standard BM inference, while being

significantly more efficient computationally.

2.1.10 Applications to protein sequences

While the probability distribution of the BM model offers a natural

framework for generating synthetic sequences, it has also been widely

applied to the prediction of inter- and intra-protein contacts, as well as

the evaluation of mutational effects. In what follows, we briefly review

the main applications of this model, also commonly referred to as Direct

Coupling Analysis (DCA) in the literature.

Contact prediction [38, 56, 67, 68]:

This is perhaps the most well-known application of the DCA method,
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14: Note that early attempts to predict

residue-residue contacts from coevolu-

tionary information date back to 1994,

using simple covariance measures [69].

One year later, mutual information was

also employed for contact prediction [70].

These early approaches were eventu-

ally outperformed by DCA in 2009, a

progress also made possible by the larger

sequence datasets available at that time.

15: This correction has been claimed to

reduce phylogenetic bias, but has re-

cently been shown to also improve the

identification of isolated contacts in a toy

model without phylogeny in an under-

sampling regime [30].

16: Paralogs are homologous genes that

result from duplication events within

a genome. In this context, the common

approach is to define a joint probability

over concatenated sequences that may or

may not interact.

17: In the same study, the independent

model, which reproduces only single-

site frequencies, was unable to generate

functional sequences.

as it marked one of the first major advances toward predicting protein

structures directly from sequence data. It has also proven useful for

identifying physical contacts between interacting proteins.
14

The standard strategy involves ranking residue pairs according to the

Frobenius norm of the coupling matrix (Equation 2.15) and considering

the top-scoring pairs as contacts in the 3D structure. To further improve

predictive accuracy, a correction known as the Average Product Correction

(APC) is often applied to remove background noise in the coupling

parameters [71].
15

This methodology has been validated across a wide range of protein

families and has proven robust to both the choice of family and the

inference method used. Beyond individual proteins, DCA has also been

extended to identify interacting paralogs [72, 73].
16

Mutational effects prediction [66, 74–77]:

The statistical energy provided by the BM model can be used not only to

score entire sequences, but also to quantify the effect of individual muta-

tions. Typically, predictions focus on single-site mutations introduced

into a natural homolog for which experimental data are available, often

obtained through Deep Mutational Scanning (see Section 5.2.1).

In Chapter 5, we introduce key concepts related to protein properties and

mutational effects, and in Chapter 6 and Chapter 7, we investigate the

ability of the BM model to predict compensatory mutations in protein

sequences.

Protein design:

An appealing application of the BM model is its ability to generate novel

protein sequences by sampling from its probability distribution using

MCMC simulations.

However, this was not the first attempt at artificial protein design. In

2005, Statistical Coupling Analysis (SCA) (see Section 1.5.2) was used to

generate artificial sequences of the WW domain, which is 35 residues

long [57, 78]. These studies highlighted the importance of capturing

correlation signals to generate functional sequences.

More recently, the BM model (referred to as bmDCA) was shown to

successfully generate functional sequences for the Chorismate Mutase

family (𝐿 ∼ 100) [58].
17

However, the sequences were not sampled directly

from the original BM model but from a rescaled version, which fails to

reproduce the full diversity observed in natural datasets (see Section

3.4.2). This limitation is related to the undersampling issue and will be

the main focus of Chapter 3 and Chapter 4.

2.2 Landscape of generative models for protein
sequences

Over the past three decades, the literature on generative models has

expanded dramatically. Many of the deep-learning architectures now

applied to biological data originate in image and language generation.

Their recent success for modelling protein sequences has been made

possible by advances in high-throughput sequencing, which have enable

to produced databases containing billions of protein sequences.

Below, we sketch the main actors in this broad landscape; for a compre-

hensive overview, the reader is referred to the following review [79].

Variational auto-encoders (VAEs) have been adapted to protein sequences

in several studies [80, 81]. VAE couples a probabilistic encoder, which
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18: Although some supervised evalua-

tion techniques can be adapted to gen-

erative contexts, they generally do not

provide a complete picture of generative

performance.

maps each input into a distribution in a low-dimensional latent space,

with a decoder that reconstructs data by sampling from this latent

representation [82]. Hawkins-Hooker et al. trained such an architecture

on luciferase sequences (𝐿 = 360, 𝑀 = 70,000)—enzymes responsible

for bacterial bioluminescence—and generated novel variants, up to 35

residues distant from natural homologues, whose luminescence was

experimentally confirmed [80].

Generative Adversarial Networks (GANs) confront two neural networks in a

minimax game: a generator attempts to mimic the training distribution

while a discriminator learns to tell real from synthetic samples [83].

Repecka et al. applied such an architecture to malate dehydrogenase

sequences (𝐿 = 328, 𝑀 = 16,000); of 55 GAN-designed variants tested

in E. coli, 24% retained measurable catalytic activity [84].

No less influential are Transformer-based models, whose impact on AI

research has been considerable [85]. Initially developed for natural-

language processing, a Transformer processes input sequences in parallel

through stacked encoder–decoder blocks built around the self-attention

mechanism, allowing each token to attend to every other token and

thereby capture long-range dependencies [86]. Transformers have since

been repurposed as generative models for proteins [87–89]; they are

typically pre-trained on massive protein databases before being fine-

tuned on a specific family.

Finally, diffusion models, which add noise through a forward process

and train a neural network to reverse it step by step [90], have also

entered the protein-design arena. Watson et al., for example, combined

a diffusion framework with Rosetta refinements to generate proteins

directly in three-dimensional coordinate space, achieving successful de
novo designs [91].

All these neural architectures learn the data distribution implicitly, opti-

mising parameters with no explicit link to the statistics they reproduce.

By contrast, the Boltzmann Machine framework adopted in this thesis

is specified explicitly: there is a set of observables (here, single-site and

pairwise amino acid frequencies) and the model is constrained to match

their empirical values. This construction, rooted in the maximum-entropy

principle, yields a transparent energy function whose parameters are

interpretable.

2.3 Assessing Generative Model Quality

There is an elephant in the room when it comes to unsuppervised gener-

ative modeling: evaluating model performance remains a fundamentally

difficult problem. Unlike supervised learning, there is no obvious metric,

such as classification accuracy on a test set, that can be computed to

assess how well the model performs.
18

Broadly speaking, the evaluation criteria for generative models might be

grouped into the following categories [92]:

▶ Fidelity: Do the generated samples exhibit high quality, i.e., do

they share key properties with those observed in the training data?

In the case of proteins, this typically includes the ability to fold into

stable structures and to perform biological functions.
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19: For instance, a model that only repli-

cates training sequences may produce

high-quality samples and preserve diver-

sity, but lacks novelty.

20: A validation set may also be used for

hyperparameter tuning

21: Natural homologues themselves

rarely function under identical condi-

tions

▶ Novelty: Are the generated sequences meaningfully different from

those in the training data? This criterion reflects the model’s capacity

to generalize beyond what it has seen.

▶ Diversity: Does the model capture the full range of variation

present in the training set?
19

These criteria are broadly applicable across domains. However, the

methods used to evaluate them are sometimes domain-specific and

cannot always be directly transferred, particularly when it comes to

assessing fidelity.

In the following, we review some of the common strategies used to

assess generative models for protein sequences. Before doing so, we first

highlight the importance of data partitioning as a key tool for model

evaluation.

2.3.1 Data partitioning

Data partitioning is a preliminary step in the evaluation of machine

learning models. A common strategy is to divide the dataset into a

training set, used to learn model parameters, and a test set, used to assess

the model’s ability to generalize [93].
20

In the case of generative models for protein sequences, procedures for

constructing training and test sets are not always clearly described in the

literature. Since the goal is to evaluate generalization, it seems reasonable

to ensure that the test set does not contain sequences identical to those in

the training set. For BM models, where sequence weighting is used to

mitigate phylogenetic biases (Section 2.1.6), a natural choice would be to

rely on the same identity threshold used for the weighting procedure to

define whether two sequences should be considered identical from the

model’s perspective.

A practical way to construct the training and test sets is, for example, to

cluster sequences that exceed this identity threshold and then randomly

assign these clusters to either the training or test set.

2.3.2 Fidelity

In the context of protein sequences, fidelity addresses the question: do the
generated sequences exhibit the characteristics expected of natural proteins?

Ultimately, this relates to the ability of a sequence to fold and carry out a

specific biological function. Wet-lab characterisation is thus considered

as the gold standard for generative model validation. However, such

experiments are costly, require technical expertise and inherently context

dependent
21

. There are many experimental measurements one could

make, several of which depend on the specific function of the protein

under study, and it is not always obvious which of them provides the most

meaningful assessment. Consequently, while some studies do include

experimental validation [57, 58, 80, 81, 91, 94, 95], most rely primarly on

in-silico analyses.

A natural starting point is to compare the statistical properties of synthetic

sequences with those of natural ones. While the BM model is explicitly

fitted to reproduce single-site and pairwise frequencies, one can further

evaluate its performance by examining unconstrained features, such as

third-order correlations. Another common approach involves performing
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principal component analysis (PCA) or t-SNE method on the natural

sequences and projecting both natural and generated sequences into the

resulting low-dimensional space, to assess whether the distributions are

similar [43, 66, 80, 88, 96, 97]. Importantly, such comparisons should be

made with respect to the discrepancy observed between the training

and test sets: the model should match the test-set statistics as well as the

training set does.

A complementary approach leverages the model’s statistical energy or

more generally, its capacity to assign scores to sequences [58, 66, 88].

Random sequences should consistently receive higher energies (i.e., lower

probabilities) than either natural sequences or those generated by the

model. Similarly, sequences drawn from a profile model can serve as a

negative control: if they are assigned scores comparable to natural or

synthetic sequences, this suggests that the BM model is not leveraging

pairwise couplings to improve over the independent baseline.

Another frequent strategy is to evaluate generated sequences using exter-

nal predictive models [80, 88, 89, 98]. For instance, structure prediction

models like AlphaFold2 [14] or Rosetta [99] produce confidence scores

and global similarity metrics that reflect how likely a sequence is to

fold properly. Likewise, profile-based models such as HMMER [27] can

be used to evaluate whether synthetic sequences would plausibly be

classified within the target protein family.

2.3.3 Novelty

The notion of novelty relates to the model’s capacity to generalize, i.e., to

produce sequences that differ from those seen during training.

Measuring novelty requires a way to quantify sequence similarity, for

which the Hamming distance is often used:

𝑑𝐻
(
𝝈 , 𝝉

)
=

1

𝐿

𝐿∑
𝑖=1

(
1 − 𝛿(𝜎𝑖 , 𝜏𝑖)

)
, (2.16)

where 𝝈 and 𝝉 are two sequences of length 𝐿 and 𝛿 is the kronecker

symbol. Throughout this manuscript, we will rather report the identity

percentage, defined as 100 × (1 − 𝑑𝐻).

A simple way to assess novelty is to calculate this identity between each

synthetic sequence and its closest natural counterpart. For natural se-

quences, the same procedure is applied while excluding self-comparisons.

If sequence weighting was used to mitigate phylogenetic bias in training

(see Section 2.1.6), it may also be appropriate to weight the distribution

of identities for natural sequences accordingly.

In addition to sequence similarity, the model’s scoring capacity offers an-

other test of generalization. Specifically, one can verify that test sequences

receive scores comparable to those assigned to training sequences. This

idea is analogous to verifying that a supervised classifier generalizes well

to previously unseen data.

Finally, another intersting metric is provided by the heat capacity of the

model, defined as:

𝐶 =
𝜕⟨𝐸⟩𝑇
𝜕𝑇

=
⟨𝐸2⟩𝑇 − ⟨𝐸⟩2𝑇

𝐾𝐵𝑇2

, (2.17)
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22: Note, however, that we cannot deter-

mine whether the observed peaks corre-

spond to a genuine phase transition in

the thermodynamic limit.

where is 𝑇 is the temperature and the averages ⟨.⟩𝑇 are evaluated by sam-

pling with the Boltzmann weight exp(−𝐸/𝑇). This quantity is typically

plotted against temperature and large values of heat capacity indicate

large variations of the model entropy with 𝑇. In unregularized models, it

has been observed that the heat capacity typically peaks near 𝑇 = 1, the

training scale, which is a signature of criticality
22

and suggests that the

model is overfitting. In contrast, regularized models tend to exhibit less

pronounced peaks, indicating more robust learning [59, 100].

2.3.4 Diversity

Evaluating diversity involves assessing whether the generated sequences

span the same range of variability as the training data.

A first approach is to compute the pairwise identity distributions within

both the natural and artificial sequence sets and compare them. Significant

deviations may indicate either mode collapse or overdispersion.

PCA-based visualizations can offer a complementary view. By projecting

both natural and synthetic sequences onto the first two principal com-

ponents extracted from the natural data, one can observe whether the

artificial ensemble populates the same sequence subspace. However, cau-

tion is needed when interpreting these plots, as the first two components

typically explain only a small fraction of the total variance in practice.

2.3.5 Employing a Toy Model

Employing a toy model, or synthetic model is an interesting way to

evaluate generative models. In this case, a model for which we know the

parameters is used to generate sequences that will be used as the training

sequences for another model. This setup has the advantage of providing

access to the “ground truth” model, allowing for direct comparisons

between inferred and true parameters.

In many studies, models are inferred from synthetic sequences generated

by a previously trained model (typically another Boltzmann Machine)

that was itself trained on real protein sequence data [88, 101–103]. Yet this

method assumes that the generative model used to produce synthetic

data has accurately captured the structure of the original dataset without

introducing significant biases. The issue of biases arising from the un-

dersampling regime will be the central focus of Chapter 3 and Chapter

4.

Rather than relying on synthetic data generated from inferred models,

one may instead construct a toy model explicitly designed to encode

features believed to be crucial for protein sequences. While this approach

offers greater interpretability and control, it comes with the inherent risk

of incorrectly identifying which features are essential or not.

Kleeorin et al. [30], for example, proposed a toy model that incorporates a

network of multiscale interactions, which in real data play a fundamental

role in structure, function, and evolvability. This design is motivated

by extensive evidence that, beyond local residue-residue contacts, co-

evolving groups of residues are also crucial for protein function (see

Section 1.5.1). Some of these groups, commonly referred to as sectors

(see Section 1.5.2), have been experimentally characterized in a range of

systems, including serine proteases [19], dihydrofolate reductases [36],

and rhomboid proteases [41]. This toy model introduced by Kleeorin et al.
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will serve as a central framework for the analyses carried out in Chapter

3 and Chapter 4 of this thesis.

2.4 Concluding remarks

This chapter was devoted to the main character of this thesis: the Boltz-

mann Machine model.

In particular, we examined the key challenges of training this model and

using it as a generative tool for protein sequences. We chose to conclude

this chapter with a discussion on the evaluation of generative models for

protein sequences. The overall picture that emerges highlights the need

to approach this evaluation as a multi-dimensional problem.

Throughout this manuscript, the expression generative capacity will thus

always refer to this broader perspective and not simply, for example,

to a model’s ability to generate a significant number of functional se-

quences.

Finally, stating that BM models are efficient generative models can

obscure the critical role played by the inference procedure, especially

the regularization strategy, in shaping the resulting model. This point

will be the focus of Chapter 3 and Chapter 4, and whenever we refer to

the generative capacity of the BM model, it should be understood in the

context of a specific inference setting.
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Undersampling-induced biases 3
The second part of this thesis is dedicated to the undersampling problem

in generative models for protein sequences, with a particular focus on

the Boltzmann Machine introduced earlier.

Chapter 3 introduces the undersampling-induced biases highlighted in

a paper published one year before the start of my PhD by Kleeorin et
al. [30]. It should be noted that the results presented in this chapter do not

come directly from the original paper but have been reproduced using

the model employed throughout this manuscript to ensure a consistent

framework.

Then, Chapter 4 details a new solution to correct the undersampling-

induced biases: the Stochastic Boltzmann Machine (SBM).

3.1 Undersampling regime in sequence data

The aim is to model the sequences of a protein family as samples drawn

from a probability distribution. In the case of the Boltzmann Machine

(BM), this distribution is given by:

𝑃({𝜎𝑖}𝑖=1,...,𝐿) =
1

𝑍(𝒉 , 𝑱)
𝐿∏
𝑖=1

𝑒 ℎ𝑖 (𝜎𝑖 )
∏
𝑖< 𝑗

𝑒 𝐽𝑖 𝑗 (𝜎𝑖 ,𝜎𝑗 ) , (3.1)

where the parameters ℎ𝑖 and 𝐽𝑖 𝑗 are each associated with a statistical

constraint of the model.

Figure 3.1: Pairwise frequencies for a
Chorismate Mutase alignment.
Histogram of pairwise frequencies com-

puted from a MSA of the Chorismate Mu-

tase family, made by Kleeorin et al. [30].

In this alignment, which includes 1258

sequences and 96 positions, we find

that more than 10
6

pairwise combina-

tions—representing 68% of all possible

pairs—are not observed.

As previously noted, the protein sequences collected into MSAs typically

span lengths of 𝐿 ∼ 50 to 500, and the alphabet size is fixed at 𝑞 = 21,

corresponding the 20 amino acids plus the gap character. As a result, the

number of parameters in the distribution defined by Equation 3.1 grows

approximately as 𝑞2𝐿2 ∼ 10
5 − 10

7
.

A maximum entropy model without any constraints assigns equal prob-

ability to the 𝑞𝐿 ∼ 10
66 − 10

650
possible sequences. Once statistical

constraints are introduced, the model will favor sequences that better

reflect the empirical statistics derived from the MSA, assigning them

higher probabilities, while disfavoring those that deviate.

However, these empirical statistics are typically estimated from MSAs

containing only a few hundred sequences, or up to 𝑀 ∼ 10
5

in the most

favorable cases. Ideally, to capture all possible amino acid combinations at

least once—assuming no redundancy—the number of sequences would

need to exceed the size of the parameter space. For example, as illustrated

in Figure 3.1, over 68% of all possible amino acid combinations are

missing from an alignment of 1258 Chorismate Mutase sequences of

length 96.

The situation is further complicated by the evolutionary relatedness

among sequences and the over-representation of certain species in se-

quencing databases, both of which introduce significant sampling biases.

To mitigate these biases, a standard approach is to weight the importance

of each sequence in the calculation of the empirical statistics (see Section

2.1.6).
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1: A pseudo-count 𝛼 = 1 corresponds to

a uniform model in which all frequencies

are equal to 1/𝑞 and pairwise frequencies

are equal to 1/𝑞2
.

Such observations have very tangible effects for the inference of Boltz-

mann Machine (BM) models. From the model’s perspective, amino acid

combinations not observed in the alignment correspond to infinitely

negative couplings. As a result, any sequence containing such combina-

tions is assigned a near-zero probability. Since many of these absences

arise from the undersampling regime, the model’s capacity to generalize

beyond the observed data is severely limited.

Figure 3.2A shows the results of a model trained on only a subset of

a chorismate mutase family alignment. Many of the “test” sequences,

which were excluded from the empirical statistics on which the inference

is based, have much higher statistical energies, i.e. lower probabilities

with respect to the model, than the training sequences. Notably, statistical

energy of test sequences correlates inversely with identity to the nearest

natural sequence: the less similar a sequence is, the higher the energy

assigned by the model.

This discrepancy between training and test datasets is a hallmark of

overfitting, which not only affects model performance on unseen data

but also compromises robustness: models trained on different datasets

may have significantly different parameter estimates. This common chal-

lenge in machine learning is typically mitigated through regularization

techniques.

3.2 Regularization

Various regularization methods have been proposed to produce more

robust and generalizable models [93]. Below is a non-exhaustive list of

common approaches used in Boltzmann Machines:

▶ Pseudo-counts: This method helps avoid issues with boundary

statistics. For example, observed frequencies can be adjusted as

𝑓𝑖(𝑎) → (1 − 𝛼) 𝑓𝑖(𝑎) + 𝛼
𝑞 . In practice, this means augmenting the

MSA with a fraction 𝛼/(1− 𝛼) of sequences where amino acids are

drawn uniformly at random [38, 75].
1

▶ Decimation or pruning: These procedures iteratively remove pa-

rameters considered irrelevant, often focusing on couplings, either

during or after training [59, 60, 104]. The decimation can also be

done before the inference by considering only statistics that exceed

a certain threshold.

▶ Alphabet reduction: Also called “color compression”, these ap-

proaches consist in grouping rare amino acids into a single state

at particular sites [97, 105]. Other reduction schemes are based on

physiochemical properties of the amino-acids [106].

▶ 𝐿𝑝-norm regularization: These approaches penalize the log-likelihood

with a term proportional to the 𝐿𝑝-norm of the fields and couplings.

The 𝐿1-norm promotes sparse solutions, while the 𝐿2-norm discour-

ages large parameter values but does not enforce sparsity, allowing

all parameters to contribute to the model [33, 34, 93].

These regularization techniques can be applied differently to first-order

and second-order statistics, which correspond to fields and couplings,

respectively. Since the second-order statistics are more sensitive to under-

sampling, it is common practice, for instance, to use stronger regulariza-

tion on the couplings or to apply the pruning procedures exclusively to

them.
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C
Pruning & Pseudo-count

(90%, α=1/Meff)

A Without regularization B Pseudo-count
(α=0.5)

D
L2-regularization

(λ=0.01)

Figure 3.2: How Regularization Affects Statistical Energy Discrepancies
Statistical energies of training and test sequences against their ID to the Nearest training sequence for models trained with different

regularization schemes. For all the figures the colors are the same: Training sequences in grey, Test sequences in black, Random sequences

in dark blue and Profile sequences in blue. The training set was constructed by randomly selecting 1,007 sequences, while the remaining

251 were assigned to the test set. As a result, the test set includes sequences that are nearly identical to at least one sequence in the

training set. The profile sequences correspond to the natural alignment where the columns have been randomized to erase the correlation

signal. Please note that the y-axis scales are different in each panel. It is worth noting that the regularization parameters shown in each

panel were selected following typical practices in the literature and are therefore not directly comparable.

A. Without regularization: Many parameters diverge, resulting in statistical energies reaching extreme values, up to 10
231

. As a

consequence, nearly all test sequences—except those that closely resemble a training sequence—are assigned significantly higher energies

than the training data.

B. Pseudo-count: With 𝛼 = 0.5, the energy gap between test and training sequences is noticeably reduced. A similar trend is observed

for profile and random sequences, whose energies also come closer to those of the natural sequences. For 𝛼 = 1 (not shown), these

distinctions largely vanish, with all sequence types converging toward comparable energy levels.

C. Pruning & Pseudo-count: The pruning procedure is applied prior to inference, affecting only the couplings. Specifically, only the

top 10% of pairwise frequencies are retained; the rest are set to zero. A small pseudo-count (𝛼 = 1

𝑀
eff

∼ 0.001) is also used to avoid

parameter divergence.

D. 𝐿2-regularization: The model is trained with a regularization strength 𝜆 = 0.01.

In both cases, regularization helps narrow the energy gap between training and test sequences. However, this gap remains substantial,

particularly for test sequences that are more divergent from the training set.

2: Typically 𝛼 ∼ 1

𝑀
eff

. 𝑀𝑒 𝑓 𝑓 being the

effective number of sequences.

3: Though a substantial discrepancy re-

mains, especially for test sequences that

are more divergent from the training set.

As illustrated in Figure 3.2, all regularization strategies help reduce the

discrepancy between the statistical energies of training and test sequences,

primarily by preventing parameter divergence.

In practice, strong pseudo-counts have frequently been used in Mean

Field DCA models for tasks such as contact prediction or mutational

effect estimation (𝛼 = 0.5 [38, 75]). This approach modifies empirical

frequencies to avoid extreme parameter values, thereby reducing the

energy gap between training and test sequences. However, at this level of

regularization, random, profile-based, and some test sequences exhibit

similar statistical energies (see Figure 3.2B).

DCA models inferred through maximum likelihood are often regularized

using alternative strategies. Some studies combine weak pseudo-counts
2

with pruning procedures, which on their own fail to sufficiently constrain

parameter divergence [59, 60]. Nevertheless, 𝐿2 regularization remains

the most common approach [30, 34, 43, 58, 77, 104, 107].

As shown in Figure 3.2C and D, these methods effectively reduce the

energy gap between training and test sequences
3
, thereby improving

generalization. However, this comes at the cost of diminishing the con-

trast between natural sequences and those generated from random or

profile models. As is often the case in statistical modeling, adjusting

the regularization strength involves balancing generalization (variance)

against model bias.

In the following, we will primarily focus on 𝐿2 regularization, which

is the most widely used technique for the inference of BM models.

Unless explicitly stated, BM will thus refer to models inferred under this

regularization scheme.
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4: Allostery refers to the thermodynamic

coupling of distant sites without direct

physical interaction.

3.2.1 𝐿2 regularization

From a Bayesian perspective, 𝐿2 regularization introduces a zero-mean

Gaussian prior over the model parameters. Increasing the regularization

strength corresponds to reducing the prior variance, thereby pulling

parameter values closer to zero and increasing bias.

In the context of BM models, this regularization strategy modifies the

consistency Equation 2.6 and Equation 2.7 as follows:

𝑓𝑖(𝑎) =
∑
𝝈

𝑃(𝝈)𝛿(𝜎𝑖 , 𝑎) + 2𝜆ℎℎ𝑖(𝑎), (3.2)

𝑓𝑖 𝑗(𝑎, 𝑏) =
∑
𝝈

𝑃(𝝈)𝛿(𝜎𝑖 , 𝑎)𝛿(𝜎𝑗 , 𝑏) + 2𝜆𝐽 𝐽𝑖 𝑗(𝑎, 𝑏) (3.3)

where 𝜆ℎ and 𝜆𝐽 denote the regularization strengths for the fields and

couplings, respectively.

Applying such regularization requires choosing suitable values for the

hyperparameters 𝜆ℎ and 𝜆𝐽 . For specific tasks, such as protein contact or

mutational effect prediction, the regularization strength can be optimized

with the goal of maximizing agreement with experimental data. Indeed,

even if the model is not trained in a supervised way, the output can be

directly compared to a known ground truth, and the regularization can

be adjusted to maximize performance.

However, we are interested in the generative capacities of such models.

In this context, it is not evident that the regularization strength yielding

the best results for a specific task would also be optimal for generation.

For instance, if the goal is to generate functional proteins, there is no

fundamental reason to expect that the strongest inferred couplings should

exclusively correspond to direct physical contacts in the protein’s 3D

structure.

As outlined in Section 2.3, evaluating generative models is inherently

difficult and selecting an appropriate regularization strength is there-

fore equally non-trivial. In what follows, we analyse how varying the

regularization strength shapes the parameters inferred by the model.

3.3 Undersampling-induced biases

As discussed in Section 1.5.1, proteins are characterized by networks of

interdependent residues, with interactions occurring across multiple

scales including:

▶ Pairwise local interactions that typically correspond to residues

that are in contact within the three-dimensional structure.

▶ Networks of collective interactions that are essential for protein

folding and function, including binding affinity, enzymatic catalytic

activity [19], and allosteric communication [36]
4
. These groups of

coevolving residues are often referred to as Sectors in the litera-

ture [19, 29].

We hypothesise that a generative model should account for these in-

teractions spanning multiple scales, from simple pairwise couplings

to higher-order collective effects. In the following section, we review

key results from Kleeorin et al.[30], who demonstrated that, in the un-

dersampling regime typical of protein sequence data, BM models are

unable to reliably infer these diverse interaction patterns. Their study
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Figure 3.3: Inference from a toy Model.
The Toy model proposed by Kleeorin et al. [30] aims to capture a fundamental characteristic of proteins: the interaction of residues at

various scales. The model has 𝐿 = 20 positions, and 𝑞 = 10 possible amino acids at each site.

A. The 𝐿 × 𝐿 Frobenuis norm of the input couplings with three types of features: isolated pairwise couplings in positions (2,5), (4,7) and

(6,9), a small collective group in positions (11-14) and a large collective unit in positions (15-20). The couplings are normalized by the

Frobenius value in the Zero-sum gauge.

B. In order to replicate the undersampling observed in natural protein families, 𝑀 = 300 sequences are sampled from the input model

and the one- and two-body frequencies are computed. Then the BM method is used to infer back the toy model from the 𝑀 sampled

sequences.

C. Frobenius norm of inferred couplings normalized by the input couplings.

5: The frobenuis norm is computed as

follows: ∥𝐽𝑖 𝑗∥ =
√∑

𝑎,𝑏 𝐽𝑖 𝑗(𝑎, 𝑏)2.

6: Fields and Couplings are modified

so that:

∑
𝑎 ℎ𝑖(𝑎) =

∑
𝑎 𝐽𝑖 𝑗(𝑎, 𝑏) = 0. See

Section A.1 for details.

was conducted with the pseudo-likelihood maximization DCA method

(plmDCA) that approximates the likelihood by considering each position

conditionally on all others. Here, we provide new results obtained with

the standard BM approach (see Section 2.1.2), that are very similar to

those presented in [30]. As in the original work, our analysis includes

both synthetic models and real protein sequence data.

3.3.1 Toy Model

As discussed in the previous part, evaluating generative models is

inherently challenging. An interesting strategy involves assessing model

performance on synthetic data generated from a controlled toy model

designed to capture key features of the system under study. The toy model

proposed by Kleeorin et al. was chosen to capture key characteristics

of real proteins, in particular, the presence of residue interactions at

multiple scales.

The probability distribution of this toy model is given by Equation

3.1 with parameters ℎ 𝑖𝑛𝑝 and 𝐽 𝑖𝑛𝑝 . All fields are set to zero, while the

couplings are specified as illustrated in Figure 3.3A. The isolated pairwise

couplings at positions (2,5), (4,7), and (6,9) represent contacts within

the 3D structure. The two interconnected clusters at positions (11–14)

and (15–20) correspond to groups of coevolving residues, analogous to

sectors. The non-zero couplings in the model are set to 𝐽 𝑖𝑛𝑝 = 2, and all

remaining couplings are fixed at zero.

The task is to recover the original coupling patterns by training models

on sequences generated from this toy model. Performance is assessed

by calculating the Frobenius norm ∥̂𝐽𝑖 𝑗∥ of the inferred couplings
5

in the

zero-sum gauge
6

and comparing these values to the input Frobenius

value 𝐽0. A perfect inference would correspond to ∥̂𝐽𝑖 𝑗∥ = 𝐽0 = 6 for all

positions with non-zero couplings. In the following figures, the reported

values correspond to an average over each type of couplings.
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Figure 3.4: Inference from a toy Model.
The Toy model proposed by Kleeorin et al. [30] aims to capture a fundamental characteristic of proteins: the interaction of residues at

various scales. The model has 𝐿 = 20 positions, and 𝑞 = 10 possible amino acids at each site.

A. 𝐿 × 𝐿 matrix showing the type of interaction in which each residue is involved: isolated pairwise couplings in positions (2,5), (4,7) and

(6,9), a small collective group in positions (11-14) and a large collective unit in positions (15-20).

B. Magnitude of the inferred couplings as function of regularization. Contacts are the top couplings in the low-regularization limit while

collective units are emphasized at high regularization.

C. Magnitude of the inferred couplings as function of MSA size for models inferred from the Toy Model. Regularization is set to

𝜆ℎ = 0.01, 𝜆𝐽 = 10
−3

. For low MSA size we observe sharp increase in the inferred couplings for pairwise couplings and non interacting

couplings. The peak is less pronounced for the collective features.

7: In this case, 14% of the amino acid

combinations are absent from the train-

ing dataset.

To mimic the undersampling regime seen in natural protein families, we

use a MCMC algorithm to draw 𝑀 = 300 sequences from the input toy

model that contains ∼ 10
4

parameters
7
. Then, BM models are inferred

from these samples, varying the regularization strength.

Figure 3.4B illustrates how the different types of couplings are inferred

as a function of the 𝐿2 regularization strength. Given the undersampling

regime, it is not possible to accurately recover all parameters. For example,

spurious couplings between non-interacting residues are expected to

arise. However, Figure 3.4B also highlights specific biases in the inference

of pairwise and collective interactions.

At low regularization, pairwise features are overestimated relative to

small collective features, which in turn are overestimated compared to

large collective couplings. With increasing regularization strength, this

trend reverses, and the inferred couplings are progressively dampened

by the 𝐿2-penalization. This behavior closely matches that described in

the Kleeorin et al. study [30].

Unlike the original study, we also chose to separate the contributions

associated with different types of non-interacting couplings. This allows

us to show that these couplings are not affected in the same way by

the undersampling regime. Couplings located in the background of

the pairwise couplings, as well as those situated between the pairwise

couplings and the small group, are the most strongly overestimated at

low regularization. Their strength even exceeds that of the couplings

associated with the large group. However, non-interacting couplings

involving a residue from the large group remain significantly weaker

than interacting couplings of the large collective feature.

Another analysis of coupling inference as a function of MSA size reveals

an interesting phenomenon. In Figure 3.4C, we observe pronounced

peaks in the Frobenuis norm of inferred couplings, which occur at
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10: bmDCA refers to the standard BM

method, which uses gradient descent to

minimize the negative log-likelihood.

distinct MSA sizes depending on the feature type. As demonstrated in

the original study by Kleeorin et al., both the position and magnitude

of these peaks are influenced by the nature of the couplings and the

strength of the regularization.

Such behavior is reminiscent of the double descent effect, well-documented

in supervised learning and characterized by sharp increases in general-

ization error when model complexity approaches the number of training

examples.
8

8: A dedicated study of this effect is cur-

rently being conducted by a master’s

student in our team, Milo Repossi.

The key result we highlight here is that there exists a systematic bias

between the estimation of collective modes and isolated interactions.

While varying the regularization strength can modulate this imbalance,

it cannot fully cancel the bias.

3.3.2 Real data
Contacts
Functional Positions
Others

(regularization)

Figure 3.5: CM family: inferred cou-
plings as function of 𝐿2 regularization
strength.
Inferred couplings as function of regular-

ization in the CM family. The graph dis-

plays the average magnitude of inferred

couplings for three groups of residues:

functional positions (red), direct contacts

(yellow), and all other position pairs

(grey). Similar to what is observed in

toy models, these results indicate that

features of different effective sizes dif-

ferentially dominate the inference as the

regularization strength is increased.

To demonstrate that the results obtained with toy model-generated data

are applicable to real data, Kleeorin et al. [30] have also examined coupling

inference in models trained on the AroQ family of Chorismate Mutase

(CM) enzymes. As discussed in [30], this protein family displays a pattern

of correlations involving features of various scales, reminiscent of the

toy model features. By distinguishing between couplings corresponding

to direct structural contacts and those associated with functional sites,

we can compare the inference of local versus collective interactions as a

function of the regularization strength.

In Figure 3.5, we report the behavior of couplings associated with

contacts, functional positions, and other interactions (as defined by

Kleeorin et al.9

9: For contacts, this corresponds to the

top pairs obtained in the low-regularization
limit with APC that are in the contact map,
but are not part of the functional network po-
sitions. Functional positions, in contrast,

are defined as the top pairs obtained with
strong regularization without APC that are
in the functional network, but are not con-
tacts [30]. A pair is considered to be in the

contact map if the two residues have at

least one pair of atoms closer than 5 Å in

the crystal structure of E. coli CM, exclud-

ing pairs that are less than four positions

apart along the linear sequence.

) as a function of 𝐿2 regularization. Here, we observe a

pattern remarkably similar to that of the toy model: at low regularization,

structural contacts are emphasized over functional positions, while

increasing the regularization strongly dampens all inferred couplings

and ultimately reverses their relative importance at high regularization.

In contrast to the toy model setting, real protein families lack a ground

truth, making it impossible to directly compare inferred couplings to true

parameters. Still, the results suggest that the inference biases observed in

the toy model carry over to real data. In particular, weak regularization

tends to highlight local, small-scale interactions, while stronger regular-

ization emphasizes larger-scale features which are functionally essential

positions in Chorismate Mutase.

3.4 Generative capacity of the Boltzmann
Machine

The generative capacity of the Boltzmann Machine has been experimen-

tally tested by Russ et al. [58] in 2020. In particular, they used the bmDCA

method
10

with 𝐿2 regularization to study the AroQ family of Choris-

mate Mutase (CM). In the following sections, we will briefly introduce

this protein family and the workflow used to experimentally test these

sequences.
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BA C

Figure 3.6: Experimental testing of Chorismate Mutase sequences. (Pannel C adapted from [58])

A. Ribbon representation of E. coli CM domain structure (PDB: 1ECM). AroQ CMs are dimers with two symmetric active sites. A bound

substrate analog is shown in red.

B. Workflow for the experimental testing of CM sequences. CM-deficient E. coli cells carrying libraries of variants are grown under

selective conditions, after which deep sequencing of input and selected populations is performed. The log (r.e.), i.e. logarithm of the

relative enrichment is computed from the frequencies of a variant in the input and selected libraries compared to a reference.

C. The relationship of log (r.e.) to catalytic activity log (𝑘cat/𝐾m) for a number of CM variants yields a “standard curve.” This shows that

the log (r.e.)metric is indeed related to the activity of the CM sequences.

11: See Section 5.1.3 for further details.

3.4.1 Testing of artificial CM sequences

The chorismate mutase family is a classical model system for studying

the principles of catalysis and enzyme design [108]. These proteins are

involved in the biosynthesis pathway for two amino acids: tyrosine (Tyr)

and phenylalanine (Phe).

The catalytic activity of enzymes, i.e., their capacity to accelerate specific

chemical reactions, can be measured experimentally
11

. Yet, such assays

are difficult to scale, limiting their use in evaluating large numbers of

variants.

The role of the E. coli CM is essential for supporting the growth of the

cell in a medium lacking Tyr and Phe. This allows the catalytic activity of

CM sequences to be inferred indirectly, using the workflow illustrated in

Figure 3.6B: (1) E. coli cells in which the native gene encoding the CM

protein has been knocked out are engineered to express sequences from

the library being tested; (2) these cells are then cultivated in a medium

that requires them to express functional CM proteins in order to grow,

serving as a selection process; (3) deep sequencing methods are used to

determine the frequency of each variant before and after selection.

The metric used to distinguish functional variants from non-functional

ones is the logarithm of the relative enrichment:

log (r.e.) = log

(
𝑓 𝑥
sel

𝑓 𝑥
inp

)
− log

(
𝑓 ref

sel

𝑓 ref

inp

)
(3.4)

where 𝑓 𝑥
inp

and 𝑓 𝑥
sel

are the frequencies of variant 𝑥 before and after

selection, respectively. These frequencies are compared to those of a

reference sequence, here E. coli CM. As shown in Figure 3.6C, this metric

has been validated as a reliable indicator of the catalytic activity for the

tested enzymes.

Using this approach, Russ et al. systematically tested 1,130 natural se-

quences and a diverse set of artificial variants generated with various

models.
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A C DB

38% of families represented

15,5% of families represented

Figure 3.7: CM family: Artificial sequences as function of sampling temperature. (Figures made from Russ et al. data [58])

A. Fraction of functional sequences as function of temperature (for 2 regularization strengths: 𝜆 = 0.01 in orange and 𝜆 = 0.001 in blue)

compared to natural sequences. At 𝑇 = 0.33, the fraction of artificial sequences that are functional exceed the fraction of functional

sequences in the natural set.

B. Histograms showing sequence identity to the Nearest Natural sequence across different sampling temperatures. Lower temperatures

yield artificial sequences that more closely resemble natural ones.

C. Histograms of % of identities (ID) between sequences for the set of natural and artificial sequences generated at 3 different temperatures

(𝑇 = {1, 0.66, 0.33}). As the sampling temperature decreases, the distribution deviates from that of natural sequences, resulting in an

increasing number of sequence pairs with identity exceeding 60%.

D. The top bar plot displays the proportion of natural sequences belonging to the 20 most represented families in the natural alignment.

For comparison, analogous statistics are shown for artificial sequences generated using a BM at T=1 and T=0.33; in these cases, each

artificial sequence is assigned to the family of its closest natural counterpart. Notably, lowering the temperature induces a bias towards

certain families, and the high proportion of functional sequences at T=0.33 can be explained by this effect.

12: In Appendix B we provide supple-

mentary figures showing that a similar

behavior can be observed with the toy

model introduced in Section 3.3.1.

3.4.2 Temperature rescaling

In this section, we present several analyses made from data provided

by Russ et al. in their study [58], extending beyond the scope of their

original work.

The fraction of functional sequences for the different datasets is displayed

in Figure 3.7A. The first point to highlight concerns the natural sequences:

among the 1,130 sequences tested, only 37% are functional under the

experimental conditions described above. Therefore, the percentage of

functional sequences generated by a model should always be interpreted

in light of this reference value.

For two Boltzmann Machines (BM) regularized with 𝐿2-penalties of

0.01 and 0.001, the percentage of functional sequences is 1.4% and 4.4%,

respectively. This low fraction is attributed to a discrepancy between the

statistical energies of the artificial and natural sequences, largely driven

by the applied regularization.

To generate sequences with lower energies, an additional hyperparameter

was thus introduced: the temperature. The models used to sample such

sequences are thus defined as:

𝑃({𝜎𝑖}𝑖=1,...,𝐿) ∼ 𝑒−
𝐸(𝒉 ,𝑱)
𝑇 , (3.5)

with 𝑇 = {1, 0.66, 0.33}. Sampling at these temperatures effectively

rescales all parameters and reduces the energies of the generated artificial

sequences.

As shown in Figure 3.7A, lowering the sampling temperature results in a

significantly larger fraction of functional artificial sequences. However,

this gain in functionality comes at the cost of reduced diversity and

novelty, as illustrated in Figure 3.7A and B. In other words, the model

does not only generate sequences closer to natural proteins; it also tends

to produce sequences that are more similar to one another
12

.

This is not a minor observation. Notably, the fraction of functional

sequences at 𝑇 = 0.33 exceeds that of natural sequences. This suggests
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13: In biological taxonomy, a family is a

rank that groups together several closely

related genera that share key anatomical

and evolutionary traits. A genus (plu-

ral: genera), in turn, encompasses one or

more species that are even more closely

related to each other.

14: It is worth noting that not all families

are represented in the model at 𝑇 = 1

either. However, this result should be in-

terpreted with care, as it also reflects the

fact that the amount of artificial data is

here smaller than the number of families

in the natural dataset. In the following

chapter, we show that using a BM model

inferred with 𝜆 = 0.01, the percentage

of families represented, calculated over

10,000 sequences, rises to more than 93%

at 𝑇 = 1. The complete histograms are

provided in Appendix B and Appendix

C, along with the proportions of fami-

lies present across the different artificial

sequence datasets. We also provide the

same analysis for the model inferred with

𝜆 = 0.001 for which artificial sequences

are even closer to the natural ones.

that the model is biased toward sequences that remain functional under

the chosen experimental conditions. In Figure 3.7C, we display the

percentage of sequences belonging to the 20 most represented families
13

in the alignment, along with the fraction of functional sequences within

each family. When we compute the same statistics for artificial sequences,

by assigning each one to the family of its closest natural neighbor, we

observe that lowering the temperature indeed introduces a bias toward

certain families. This bias in family representation helps explain the high

proportion of functional sequences observed at 𝑇 = 0.33
14

.

These findings highlight the potential of the BM as a generative model for

protein sequences, but also underscore the need for alternative inference

strategies to correct the biases identified by Kleeorin et al. and avoid

relying on low-temperature sampling.

The next chapter thus introduces a new approach to overcome this

undersampling problem in generative models for protein sequences: the

Stochastic Boltzmann Machine (SBM).



1: The code used to produce the results

presented in this work is available at:

https://github.com/marionchv/SBM.
git

Overcoming
undersampling-induced biases 4

Following the previous chapter, we introduce here the Stochastic Boltz-

mann Machine (SBM) algorithm, designed to address the undersampling-

induced biases in generative models for protein sequences.

This project was carried out in collaboration with members of the Ran-

ganathan laboratory at the University of Chicago. In particular, Yaakov

Kleeorin was the first to propose the SBM method and to initiate its

development.

The original goal of my PhD was to investigate generative models for

bacterial genomes using the energy-based models discussed throughout

this thesis. However, as we will discuss in this chapter, the SBM approach

and its application to protein sequences proved rich and worthy of deeper

investigation.

In this chapter, we will first discuss some analyses that I conducted using

the toy model already presented in Section 3.3.1. Then we will move onto

real data with the chorismate mutase protein family, a commonly studied

system already introduced in the previous chapter
1
.

The theoretical work presented here is complemented by experimental

results obtained by Emily Hinds, a PhD student working in Rama

Ranganathan’s group.

4.1 Navigating the parameter space of a toy
model

...

... ...

MCMC

Freq.

Pair-freq.

kmc

θt θt+1

Figure 4.1: Schematic illustration of the
gradient descent algorithm.
The model parameters at iteration 𝑡 of

the gradient descent are stored in the

vector 𝜽𝑡 . At each step, a Monte Carlo

simulation is used to sample 𝑁
chains

se-

quences from the model. The sequences

obtained after 𝑘mc MCMC steps are then

used to compute single-site and pairwise

frequencies, which are required to evalu-

ate the gradient of the objective function.

Our goal is to infer the parameters of the Boltzmann distribution defined

in Equation 3.1 by maximizing the log-likelihood function.

In what follows, we thus consider a gradient descent applied to an objec-

tive function defined as the negative log-likelihood −L(𝒉 , 𝑱), augmented

with 𝐿2-regularization terms:

𝑓 (𝜽 = {𝒉 , 𝑱}) = −L(𝒉 , 𝑱) + 𝜆𝐽∥𝑱∥2 + 𝜆ℎ∥𝒉∥2. (4.1)

As mentioned in Chapter 2, the parameters 𝜽 = {𝒉 , 𝑱} are updated via

gradient descent according to:

𝜽𝑡+1 = 𝜽𝑡 + 𝜂𝑡𝒑𝑡 (4.2)

where 𝒑𝑡 denotes the search direction, 𝜂𝑡 the learning rate, and 𝜽𝑡 ∈ ℝ𝑁𝑝

a vector containing all model parameters at step 𝑡. In Figure 4.1, we recall

several key hyperparameters of the optimization procedure: the number

of gradient descent steps (𝑁iter), the number of Monte Carlo steps (𝑘mc),

and the number of generated samples used to compute single-site and

pairwise frequencies with respect to the model (𝑁chains).

The search direction 𝒑𝑡 and the resulting learning dynamics depend

on the specific optimization algorithm employed. In the following, we

briefly review two optimization algorithms: the Vanilla Gradient Descent

method (VGD) and a quasi-Newton method known as L-BFGS. Both are

https://github.com/marionchv/SBM.git
https://github.com/marionchv/SBM.git
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Figure 4.2: Inference of toy model couplings as a function of gradient descent iterations for the BM
VGD method.

For all these panels, the magnitude of the couplings are computed from the Frobenius norm of the coupling matrix, by averaging over the

different types of interacting couplings. These models were inferred under varying levels of 𝐿2-regularization. In all cases, the inference

was initialized with parameters set to zero.

A. Magnitude of the inferred couplings over iterations for different 𝐿2-regularization strengths. The true values of the toy model

couplings are indicated by a dotted black line. The three panels correspond to the three types of couplings: isolated pairs (top), small

collective groups (middle), and large collective groups (bottom).

B. Using the same data as in panel A, we show the inference trajectories in a 3D space defined by the isolated, small collective, and large

collective couplings. Larger markers indicate that successive points in the trajectory are close in parameter space, reflecting a slowdown

in the inference dynamics. The grey dotted cube indicates the target values in each direction, and the grey dot corresponds to the point

where all interacting couplings are correctly inferred.

applied to the toy model introduced in Section 3.3.1, which provides a

controlled framework to explore the undersampling induced biases and

to motivate the use of the L-BFGS algorithm. Unless otherwise stated, all

models are inferred from a dataset of 300 sequences generated with the

toy model.

4.1.1 Vanilla Gradient Descent

In the Vanilla Gradient Descent algorithm, the search direction is deter-

mined by the gradient of the objective function:

𝒑𝑡 = −∇ 𝑓 (𝜽𝑡). (4.3)

However, relying exclusively on gradient information to navigate the

parameter space is suboptimal, especially when the curvature is highly

heterogeneous. Since curvature is characterized by the Hessian matrix,

strong inhomogeneity corresponds to Hessian eigenmodes spanning

several orders of magnitude. In the case of a Maximum Entropy model,

the Hessian is equal to the susceptibility matrix associated with the

statistical constraints defining the model [109]. This matrix notably

contains correlations, which, at least near convergence, should reflect the

multiscale correlations present in natural data.

It is thus reasonable to expect that the high-dimensional parameter space

explored during optimization exhibits highly anisotropic curvature: some

directions may be steep, while others are relatively flat.
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2: Note that this trajectory is indepen-

dent of the hyperparameter 𝑁
chains

; see

Figure C.2 in Appendix C.

In Figure 4.2, we analyze the inference of isolated, small collective, and

large collective couplings as a function of the number of VGD iterations.

The method combining the Boltzmann Machine and Vanilla Gradient

Descent is hereafter referred to as BM
VGD

.

As previously shown in Section 3.3.1, the inferred parameters after

5000 iterations are biased. Specifically, Figure 4.2A shows that with

weak regularization (𝜆 = 0.001), pairwise couplings are overestimated,

whereas large collective couplings are underestimated. A moderate

increase in regularization (𝜆 = 0.003) improves the inference of pairwise

interactions, though collective ones remain poorly estimated. With strong

regularization (𝜆 = 0.1), the balance shifts in favor of collective couplings,

but all interactions end up being substantially underestimated.

In Figure 4.2C, the dynamics as function of iterations are visualized

directly in the 3D space of the three coupling types. Interestingly, we

observe that the initial inference trajectories are nearly identical across

different regularization strengths.

Then, when 𝐿2-regularization is not too strong, the trajectories begin to

separate once the large collective couplings converge and the inference

of pairwise couplings accelerates.

It is not surprising that these different types of couplings exhibit different

learning dynamics. For example, a recent study by Catania et al. [110]

examined the evolution of the eigenmodes of the coupling matrix during

the inference of an Ising model (using a mean-field approximation) and

observed that different modes do not have the same dynamics.

Nevertheless, it is important to emphasize that the observed dynamics

depend on the sampling regime of the training data. For instance, we

provide additional figures in Section C.2 showing that under full sampling

conditions, the learning dynamics of BM
VGD

differ substantially.

Beyond the suboptimality of VGD, what matters here is that the trajectory

of the inference in parameter space does not allow for accurate recovery

of the true parameters under these undersampling conditions
2
.

4.1.2 Quasi-Newton methods

The DCA method has been implemented in various forms, several of

which rely on quasi-Newton algorithms that significantly accelerate

gradient descent convergence [62, 111, 112].

In quasi-Newton gradient descent, the search direction is defined as:

𝒑𝑡 = −𝑩−1

𝑘
∇ 𝑓 (𝜽𝑡) (4.4)

where 𝑯 𝑘 = 𝑩−1

𝑘
is an approximation of the inverse Hessian matrix.

One of the most widely used quasi-Newton algorithms is the BFGS

method, which we briefly describe below.

4.1.3 BFGS algorithm

In the BFGS method [113], named after Broyden, Fletcher, Goldfarb,

and Shanno, the inverse Hessian approximation is iteratively updated
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Figure 4.3: Inference of toy model couplings as a function of gradient descent iterations for the BM
LBFGS method.

For all these panels, the magnitude of the couplings are computed from the Frobenius norm of the coupling matrix, by averaging over the

different types of interacting couplings. These models were inferred under varying levels of 𝐿2-regularization. In all cases, the inference

was initialized with parameters set to zero.

A. Magnitude of the inferred couplings over iterations for different 𝐿2-regularization strengths. The true values of the toy model

couplings are indicated by a dotted black line. The three plots correspond to isolated pairs (top), small collective groups (middle), and

large collective groups (bottom).

B. Using the same data as in panel A, we show the inference trajectories in a 3D space defined by the isolated, small collective, and large

collective couplings. Larger markers indicate that successive points in the trajectory are close in parameter space, reflecting a slowdown

in the inference dynamics. The grey dotted cube indicates the target values in each direction, and the grey dot corresponds to the point

where all interacting couplings are correctly inferred.

3: The performance of BFGS can de-

grade if the line search does not satisfy

the Wolfe conditions [113].

according to:

𝑯 𝑡 = 𝑽𝑇
𝑡−1

𝑯 𝑡−1𝑽 𝑡−1 +
𝒔𝑡−1𝒔𝑇𝑡−1

𝒚𝑇
𝑡−1

𝒔𝑡−1

, (4.5)

where we introduce the matrix 𝑽 𝑡 = I − 𝒚𝑡 𝒔
𝑇
𝑡

𝒚𝑇𝑡 𝒔𝑡
, along with two standard

quantities:

𝒔𝑡 = 𝜽𝑡+1 − 𝜽𝑡 and 𝒚𝑡 = ∇ 𝑓 (𝜽𝑡+1) − ∇ 𝑓 (𝜽𝑡). (4.6)

This algorithm is known for its robustness and exhibits a superlinear rate

of convergence, in contrast to the quadratic convergence of the Newton

method
3
.

However, each iteration requires O(𝑁2

𝑝) arithmetic operations to compute

the search direction, in addition to the cost of evaluating the gradient via

Monte Carlo sampling. Given that 𝑁𝑝 ∼ 10
5
–10

7
, storing and updating a

full Hessian matrix is computationally and memory-wise impractical.

To overcome this limitation, we now turn to the Limited-memory BFGS

variant, which avoids the need to explicitly store and compute the full

𝑁𝑝 × 𝑁𝑝 matrix.
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4: It also does not require knowledge of

the Hessian’s sparsity structure or any

separability in the objective function.

5: When 𝑚 = ∞, the algorithm becomes

equivalent to standard BFGS.

6: See Figure C.3 in appendix, showing

that this is also the case for different

values of the parameter 𝑚, and without

𝐿2-regularization.

7: There is no clear evidence that this

behavior could extend to other models

or datasets. The present case involves

a BM model with structured data such

that different dimensions are affected un-

evenly by undersampling. The fact that

the L-BFGS trajectory passes near the

ground truth—even without knowing

it a priori—is intriguing. To better un-

derstand this phenomenon and assess

its generality, Milo Repossi, a student in

our group, is currently studying infer-

ence trajectories in the case of a Gaussian

model with different variance modes.

4.1.4 L-BFGS algorithm

The L-BFGS algorithm was first introduced by Nocedal in 1980 [114].

For comprehensive technical details, the reader is referred to the book

Numerical Optimization [113]. Here, we briefly summarize the key concepts

behind its implementation.

The central idea of L-BFGS is to use curvature information from the most

recent iterations to construct an approximation of the inverse Hessian.

Rather than storing a fully dense 𝑁𝑝 × 𝑁𝑝 matrix, the method retains

only a small number of vectors of length 𝑁𝑝 , which implicitly represent

the approximation and make it particularly well suited for large-scale

problems.
4

The algorithm is nearly identical to BFGS, with the main difference lying

in how the inverse Hessian is updated. The user specifies the number of

corrections 𝑚 to retain and provides a positive-definite initial matrix 𝑯0.

During the first 𝑚 iterations, the updates are identical to those in BFGS.

Then, for 𝑘 > 𝑚, 𝑯 𝑡 is constructed by applying 𝑚 BFGS updates to 𝑯0,

using information from the 𝑚 most recent iterations
5
.

In our implementation, we rely on a simple and efficient algorithm [113]

to directly compute the product 𝒑𝑡 = −𝑯 𝑡∇ 𝑓 (𝜽𝑡) from the𝑚 most recent

pairs of vectors

{
𝒔𝑡 , 𝒚𝑡

}
stored during optimization. Further technical

details are provided in Appendix C.

Using this method with 𝐿2-regularization, denoted BM
LBFGS

, we now

analyze the inference of the different types of couplings defined in the toy

model as a function of iterations. The results are provided in Figure 4.3,

for models inferred under the same undersampling and regularization

conditions as previously.

We first observe that incorporating curvature information via L-BFGS

significantly accelerates the convergence of gradient descent. However,

our primary interest lies not only in convergence speed, but also in

mitigating undersampling-induced biases.

Although the algorithm converges to the same biased solution as VGD (as

expected, since the objective function remains unchanged), the trajectory

followed in parameter space differs. Interestingly, in Figure 4.3B, we

observe that for the least regularized model, the trajectory passes near

the point corresponding to the true interacting couplings
6
.

When examining the evolution of large collective couplings over iterations,

we note a local optimum in their inferred magnitude around iteration 20.

However, their intensity subsequently decreases and eventually converges

to the same underestimated value as in the VGD case.

This peak coincides with a phase in which the isolated couplings begin

to grow. In practical scenarios, where the ground truth is unknown,

exploiting such transient behavior to stop inference at the right moment

appears challenging. This suggests that at least some prior knowledge

about the data structure may be necessary.

In summary, although the final biases persist, the trajectory observed in

parameter space provides a potential opportunity to approach the true

parameters and possibly mitigate undersampling-induced biases
7
.

The next section introduces the Stochastic Boltzmann Machine, based

on the L-BFGS algorithm and associated with an implicit regularization

mechanism.
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4.2 Stochastic Boltzmann Machine (SBM)

The goal here is to eliminate the need for explicit 𝐿2-regularization by

leveraging the hyperparameters of the L-BFGS gradient descent to induce

an implicit regularization.

Among the different hyperparameters involved in the optimization, we

focus here on the following:

▶ 𝑁iter: the number of gradient descent iterations,

▶ 𝑁chains: the number of Monte Carlo chains, i.e., the number of

sequences used to compute model statistics at each gradient step,

▶ 𝑚: the number of stored vector pairs used to approximate the

inverse Hessian. The curvature information used at each step then

reflects only the 𝑚 most recent updates.

Throughout this section, the regularization parameters 𝜆𝐽 and 𝜆ℎ associ-

ated with the L
2

penalty terms are set to zero.

The divergence of parameters typically caused by undersampling will

be controlled by: i) choosing a small value of 𝑚, which slows down

the convergence of the L-BFGS algorithm; ii) limiting the number of

iterations 𝑁iter to take advantage of this slower convergence, a technique

known in the machine-learning literature as early stopping [115]; and iii)

using a small 𝑁chains so that model statistics are themselves computed in

an undersampled regime.

4.2.1 Slowing down convergence and leveraging MCMC
noise for regularization
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Figure 4.4: Convergence of L-BFGS as
a function of 𝑚 (𝑁

chains
= 1000). Mag-

nitude of the inferred couplings for iso-

lated pairs over iterations, for different

values of 𝑚. The dashed black line indi-

cates the true coupling value from the toy

model. Reducing 𝑚 slows convergence,

and for 𝑚 = 1, the algorithm exhibits a

clear plateau. No explicit regularization

is applied; with an infinite number of

iterations, the optimization would even-

tually diverge.

Figure 4.4 shows the evolution of isolated pair couplings during the

inference, using L-BFGS with different values of 𝑚.

The learning dynamics for these couplings appear to exhibit several

distinct phases. The first phase, spanning roughly the initial 10 iterations,

shows minimal progress—this behavior is also observed for the other

types of couplings (see Appendix C). This is followed by a second

phase of accelerated convergence, which is notably influenced by the

choice of 𝑚: smaller values of 𝑚 lead to an earlier termination of this

acceleration phase. The learning dynamics then enter a plateau lasting

until approximately iteration 1000, after which the inferred couplings

begin to increase again. While only the first 5000 iterations are shown,

the couplings continue to grow beyond that point due to the absence of

regularization.

This plateau behavior is not specific to isolated pairs and is also observed

for the other types of couplings (see Appendix C for supporting figures).

Importantly, without prior knowledge of the data structure, we can track

the average over all couplings and use this plateau as a practical stopping

criterion. The objective is to stop the inference before the couplings

begin to diverge again. In this example this corresponds to a range of

approximately 𝑁iter ∼ 100–1000.

In addition to 𝑚, the plateau level is also determined by the number

of Monte Carlo chains, 𝑁chains. So far, all models have been inferred

using 𝑁chains = 1000, a setting in which isolated couplings remain

systematically overestimated, even when 𝑚 = 1.
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8: As discussed in the previous section,

the standard BM can be inferred using

the L-BFGS algorithm, yielding similar

coupling biases. We opt for vanilla gra-

dient descent here, as L-BFGS may skip

too many steps when 𝐿2-regularization

is very weak.

To assess the impact of 𝑁chains, we refer to Figure 4.5, which shows the

evolution of these couplings in an undersampled setting, with 𝑚 = 1

fixed and 𝑁chains varied.

As the figure illustrates, adjusting this parameter has a clear effect

on the plateau height. In particular, decreasing 𝑁chains can be seen as

increasing the effective strength of regularization, helping to mitigate the

overestimation of isolated couplings.
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Figure 4.5: Convergence of L-BFGS as
a function of 𝑁

chains
(𝑚 = 1). Magni-

tude of couplings associated with iso-

lated pairs during optimization, plotted

as a function of iterations for various

values of 𝑁
chains

. Thin lines represent

individual inference runs; the thick line

indicates the average across runs. The

dashed black line shows the true value

from the toy model. Decreasing 𝑁
chains

improves convergence toward this true

value.

It is not surprising that 𝑁chains affects the optimization process, since

both the gradient and Hessian are estimated from Monte Carlo (MCMC)

samples. This approach is reminiscent of the philosophy of stochastic

gradient descent (SGD) [116], in which model statistics are compared to

empirical statistics computed on successive minibatches. However, here,

we do not subsample the real data but rather control the fidelity of model

statistics through intentional undersampling.

One might intuitively aim to match the degree of undersampling in the

model statistics to that of the data. In practice, however, we find that

more aggressive undersampling on the model side is required to achieve

optimal regularization in this toy model setting.

For sufficiently low values of 𝑁chains (∼ 100), inference trajectories tend to

slow down near the true value of the isolated couplings. At the same time,

we observe significant variability between runs with identical 𝑁chains,

because we use the stochasticity inherent to MCMC to navigate the

optimization landscape. In what follows, a single SBM model will thus

refer to an average over multiple inference runs (typically 10).

4.2.2 Mitigating Biases

We now return to the question of how this strategy affects the inference

of other types of couplings beyond isolated pairs. Figure 4.6 shows the

dynamics of isolated, small collective, and large collective couplings

throughout training, for different values of 𝑁chains, using the same layout

as in earlier figures.

As illustrated in Figure 4.6A, lowering 𝑁chains reduces the overestimation

of pairwise couplings without significantly impairing the inference of

collective interactions, in contrast to what is typically observed with 𝐿2

regularization.

Then using this setting, we can access and stop closer to the true model

parameters while being in an undersampling regime. To better compare

BM and SBM, we present in the following section a systematic analysis

of the two methods as a function of regularization strength.

4.3 Inference of Collective and Local Features

In this section, we systematically compare couplings inference on both the

toy model and real protein sequences using the following approaches:

▶ BM
VGD

: Inference using vanilla gradient descent
8
, with 𝑁chains =

1000, 𝑘mc = 10
5
, 𝑁iter = 3 · 10

4
, 𝐿2-regularization with 𝜆ℎ = 0.01,

and 𝜆𝐽 as a tunable parameter.

▶ SBM: Inference using the L-BFGS algorithm with 𝑚 = 1, 𝑘mc = 10
5
,

𝑁iter = 400. Each result is averaged over 10 independent runs, and

𝑁chains is varied to control the strength of regularization.
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Figure 4.6: Inference of toy model couplings as a function of gradient descent iterations using the SBM method.
For all these panels, the magnitude of the couplings is computed from the Frobenius norm of the coupling matrix, averaged over the

different types of interacting couplings. These models were inferred with different values of 𝑁
chains

. In all cases, the inference was

initialized with parameters set to zero.

A. Magnitude of the inferred couplings over iterations for different 𝑁
chains

. The true values of the toy model couplings are indicated by

a dotted black line. The three plots correspond to isolated pairs (top), small collective groups (middle), and large collective groups

(bottom).

B. Using the same data as in panel A, we show the inference trajectories in a 3D space defined by the isolated, small collective, and large

collective couplings. Larger markers indicate that successive points in the trajectory are close in parameter space, reflecting a slowdown

in the inference dynamics. The grey dotted cube indicates the target values in each direction, and the grey dot corresponds to the point

where all interacting couplings are correctly inferred.

4.3.1 Toy Model

As in the previous section, we investigate the behavior of the BM and

SBM methods on synthetic sequences generated from the toy model

proposed by Kleeorin et al. [30].

We consider the same undersampled regime as before, where inference

is performed using 300 sequences generated from the toy model (see

Figure 4.7A). We then compare the Frobenius norm of inferred couplings,

averaged by coupling type, to the ground truth parameter values (namely,

6 for interacting couplings and 0 for non-interacting ones).

In Figure 4.7B and C, we show coupling inference as a function of the

applied regularization: 𝜆𝐽 for the BM and 𝑁chains for the SBM.

The biases exhibited by the BM model were discussed in Section 3.3.1;

by contrast, the SBM behaves quite differently, as illustrated in Figure

4.7C.

For𝑁chains ∼ 1000, we recover the same biases seen in the BM under weak

regularization, namely an overestimation of isolated pairwise couplings

and small collective interactions.

For very low values of 𝑁chains (e.g., below 10), the bias reverses, as in

the case of strong 𝐿2 regularization in the BM, and isolated pairwise

couplings become slightly weaker than collective ones. Furthermore, for

models inferred with 𝑁chains < 10, we observe greater variability across

different inference runs, even when averaging over 10 models as done

here.
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Figure 4.7: Toy model: BM and SBM inference as function of regularization.

The toy model proposed by Kleeorin et al. [kleeorin2023undersampling] is designed to capture a key feature of proteins: the presence

of interactions at multiple spatial scales. The model includes 𝐿 = 20 positions and 𝑞 = 10 possible amino acids per site.

In panels B & C, each point is the mean of 10 independent repeats. BM: average over 10 independently inferred BMs. SBM: average over

10 SBMs, where each SBM is itself the average of 10 independently inferred models. Error bars represent the 5th–95th percentile interval

obtained with the 10 repeats.

A. 𝐿× 𝐿matrix showing the interaction structure: isolated pairwise couplings at positions (2,5), (4,7), and (6,9) (yellow); a small collective

group spanning positions 11–14 (light red); and a large collective unit from positions 15–20 (dark red). Non interacting positions are

divided in four groups corresponding to the background of pairwise couplings (dark blue); the background between pairwise couplings

and the small collective unit (light blue); the background between pairwise couplings and the large collective unit (grey); and the

background between the two collective units (light grey).

B. BM model: the inference is done using vanilla gradient descent,with 𝑁
chains

= 1000, 𝑘mc = 10
5
, 𝑁iter = 3 · 10

4
, 𝐿2-regularization with

𝜆ℎ = 0.01, and 𝜆𝐽 as a tunable parameter. We show the magnitude of inferred couplings as a function of 𝜆𝐽 . In the low-regularization

regime, isolated contacts dominate, while strong regularization emphasizes collective features.

C. SBM model: the inference is done with the L-BFGS algorithm with 𝑚 = 1, 𝑘mc = 10
5
, 𝑁iter = 400. Each result is averaged over 10

independent runs, and 𝑁
chains

is varied to control the strength of regularization. We show the magnitude of inferred couplings as a

function of 𝑁
chains

(with large 𝑁
chains

corresponding to weak regularization). A wide range of 𝑁
chains

yields unbiased estimates of

interacting couplings.

However, unlike the BM model, increasing the regularization of the SBM

(i.e., decreasing 𝑁chains) does not substantially reduce the magnitude of

inferred couplings. More importantly, for intermediate values of 𝑁chains,

we observe a broad regime where interacting couplings are inferred

with minimal bias and remain close to their true values. Finally, while

non-interacting couplings are not driven to zero, their magnitudes remain

lower than those of true interactions.

These encouraging results motivated us to apply the method to real data,

focusing in particular on the Chorismate Mutase family.

4.3.2 Real Data

We now investigate the behavior of the two methods on real protein data.

Specifically, we focus on the Chorismate Mutase family, introduced in

Section 3.4.1.

The results of coupling inference for contacts and functionally relevant

positions using the BM model have already been discussed in Section 3.3.2.

While we no longer have access to a ground-truth model for comparison,

we do observe trends that are consistent with those highlighted using

the toy model, in agreement with the findings of Kleeorin et al. [30].

In Figure 4.8B & C, we compare these results with those obtained using

the SBM model.

Using the SBM method, the relative importance of different coupling

types as a function of 𝑁chains follows a trend similar to that observed
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9: We also note the significant difference

in energy between training and test se-

quences, which suggests limited general-

ization capacity. Still, as shown in Figure

4.8D, sequences generated at 𝑇 = 1 are

far from being simple copies of natural

sequences.

10: In [58], the authors do not distinguish

between training and test datasets, so we

assume all sequences were used for train-

ing and that the relevant comparison is

between artificial and training-sequence

energies.

11: We further note that this model pro-

duces artificial sequences whose statis-

tics are comparably close to the test se-

quences statistics as those obtained from

the training set. Supporting figures are

provided in Appendix C.

with the BM as function of 𝐿2 penalty: contact-associated couplings

tend to have higher magnitudes at large 𝑁chains, and this tendency

reverses as regularization increases. However, as with the toy model,

SBM regularization does not reduce coupling magnitudes as drastically

as 𝐿2-regularization does.

From these figures alone, we cannot draw conclusions about the genera-

tive capacity of the SBM model, nor can we identify an optimal level of

regularization.

Nevertheless, it is worth noting that BM models inferred for this family

have already been tested experimentally [58]. Thus, it is known that BM

models trained with 𝜆 = 0.01 and 𝜆 = 0.001 can only generate less than

5% of functional sequences at T=1 (see Section 3.4.2).

For these models, artificial sequences sampled at 𝑇 = 1 also exhibit, on

average, higher statistical energies than natural sequences. Interestingly,

the low-temperature sampling procedure required to obtain a higher

fraction of functional sequences also induces a downward shift in the

energy distribution of artificial sequences.

This phenomenon, originally reported by Russ et al. [58], is illustrated

in Figure 4.8E for a BM model with 𝜆 = 0.01
9
. In our case, sampling at

𝑇 = 0.75 produces artificial sequences with average energies comparable

to those of the training set
10

.

As discussed in Section 3.4.2, low-temperature sampling is not a neutral

operation, as it reduces the novelty and diversity of synthetic sequences.

Regarding novelty, Figure 4.8D shows that sequences generated at 𝑇 =

0.75 are indeed, on average, more similar to natural sequences.

Let us now consider an SBM model with a comparable novelty level.

This is the case for the model inferred with 𝑁chains = 50. For this model,

Figure 4.8F shows that sequences generated at 𝑇 = 1 have statistical

energies similar to those of the training set.

Importantly, such result cannot be achieved with the BM approach.

Indeed, BM models that produce artificial sequences with energies

comparable to those of the training data at 𝑇 = 1 require a level of

regularization so low that most of the synthetic sequences would largely

resemble the natural ones (see Figure C.8).

In contrast, the SBM model seems to bypass the need for low-temperature

sampling
11

. But what does this imply, and does it make the SBM a

better model? To address these questions, we now turn to the results

of experimental assays performed on sequences generated by these

models.



4.3 Inference of Collective and Local Features 57

(regularization)

A B
BM SBM

C

ED F

Contacts 

OthersFunctional Positions

∥
̂

J i
j∥

∥
̂

J i
j∥

(regularization)Nchains

Figure 4.8: Comparison of BM and SBM methods on the Chorismate Mutase family.

A. Ribbon representation of E. coli CM domain structure (PDB: 1ECM). AroQ CMs are dimers with two symmetric active sites. The

contacts and functional positions used in panel B & C are respectively highlighted with yellow and red spheres.

B. BM model: magnitude of inferred couplings as a function of 𝐿2-regularization. At low regularization, contact-associated couplings

dominate. As regularization increases, collective features become more prominent. The vertical green dotted line indicates the

regularization level used in panel E.

C. SBM model: magnitude of inferred couplings as a function of the hyperparameter 𝑁
chains

(note that larger 𝑁
chains

corresponds to

weaker regularization). A broad range of values yields accurate, unbiased estimates of interacting couplings. The vertical red dotted line

marks the regularization level used in panel F.

D. Distribution of sequence identities to the nearest natural sequence (excluding self-matches) for different datasets. The grey histogram

shows the distribution among natural sequences. Colored curves correspond to artificial sequences generated from BM at 𝑇 = 1, 𝜆 = 0.01

(light green), BM at 𝑇 = 0.75, 𝜆 = 0.01 (dark green), and SBM at 𝑇 = 1, 𝑁
chains

= 50 (red). Lower identity values indicate greater

sequence novelty with respect to natural data.

E. Statistical energy distributions for training, test, random, and artificial sequences generated by the BM model at 𝑇 = 1 and 𝑇 = 0.75

(with 𝜆 = 0.01). Energies are calculated with the BM model at 𝑇 = 1 and 𝜆 = 0.01. Artificial sequences at 𝑇 = 1 show elevated energies;

lowering 𝑇 brings energies closer to those of natural sequences.

F. Same as panel E, but for an SBM model inferred with 𝑁
chains

= 50, 𝑚 = 1, and 𝑇 = 1. Energies are calculated with the SBM model

at 𝑇 = 1 and 𝑁
chains

= 50. Artificial sequences exhibit energy distributions comparable to those of the training set, without requiring

temperature rescaling.



58 4 Overcoming undersampling-induced biases

12: In terms of diversity, it is worth not-

ing that the average pairwise identity

between natural sequences is 21%. On

average, a given sequence has about 20

neighbors with more than 50% identity;

this number drops to fewer than 10 when

using a 60% identity threshold, and to

fewer than 4 at 70%.

13: As in Section 3.4.2, each artificial se-

quence is assigned to the family of its

nearest natural counterpart.

4.4 Protein design

We present here experimental results for the BM and SBM models

introduced in the previous section. These experiments were conducted

by Emily Hinds at the University of Chicago, following a protocol similar

to the one described by Russ et al. [58], which we briefly summarized in

Section 3.4.1.

4.4.1 Sampling at T=1: Can we gain in diversity?

In this section, we compare the generative capabilities of the two previ-

ously discussed models: BM (𝜆 = 0.01, T=0.75) and SBM (𝑁chains = 50,

T=1), referred to hereafter simply as BM and SBM.

Specifically, we have relative enrichment measurements for 890 natural

sequences, 193 sequences generated using SBM, and 180 sequences

generated using BM.

Figure 4.9A & B display these enrichment values along with the identity

to the closest natural sequence for all tested sequences.

As previously mentioned, both models exhibit similar levels of novelty in

the sense that they generate sequences with comparable average identity

to the nearest natural sequence (∼ 77%).

The distribution of relative enrichment is bimodal in each case and the

enriched mode of natural sequences comprises 51.5% of the dataset.

For synthetic datasets, we obtain 26.7% of functional sequences with

BM and 20.7% with SBM. Importantly, these functional sequences are

not necessarily the closest to natural sequences, as their average identity

to the nearest natural sequence remains around 77%. For instance, one

functional sequence generated by SBM shares less than 50% identity with

its closest natural counterpart.

These observations suggest that both BM and SBM capture sufficient

information from the training data to sample a substantial number of

functional sequences with an average similarity of 77% to the closest

natural sequence.

But what about the diversity of these synthetic sequences? In Section

3.4.2, we highlighted the deleterious impact of lowering the temperature

on the diversity of artificial datasets.

Figure 4.9C & D show the distribution of pairwise sequence identities for

natural sequences, as well as those generated by BM and SBM. For BM

at T=0.75, a second mode appears in the identity distribution, similar to

what was observed in Russ et al.’s data.

The distribution for SBM, by contrast, suggests that there is no comparable

loss in diversity because there is no temperature rescaling.

To further support this result, Figure 4.9E displays the percentage of se-

quences belonging to the most represented families in the natural dataset,

alongside the proportion of functional sequences in each family
12

.

When applying the same analysis to the two synthetic datasets, we

find that 25.4% of the natural families are represented among the 180

sequences generated with BM T=0.75, compared to 35.8% for the SBM

T=1 sequences
13

.
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Figure 4.9: BM VS SBM generative power. (Panels A & B are made from data provided by Emily Hinds.)

Panels in the left column correspond to a BM model inferred with 𝜆 = 0.01, with sequences sampled at T=0.75, while panels in the right

column correspond to an SBM model inferred with 𝑁
chains

= 50 and sequences sampled at T=1.

A & B. Scatter plots showing the relative enrichment measured experimentally as a function of identity to the nearest natural sequence,

for natural sequences (blue), BM-generated sequences (green, panel A), and SBM-generated sequences (red, panel B). The fraction of

functional sequences for natural, BM, and SBM are respectively: 51.5%, 26.7%, and 20.7%.

C & D. Histograms of pairwise sequence identities among natural sequences (blue), BM-generated sequences (green, panel C), and

SBM-generated sequences (green, panel D) for 𝑁
chains

= 50.

E. The top bar plot shows the proportion of natural sequences belonging to the families represented in the natural alignment. For

comparison, analogous statistics are shown for the 193 BM (middle) and 180 SBM (bottom) artificial sequences tested. Each artificial

sequence is assigned to the family of its nearest natural counterpart. Percentages computed over 10,000 generated sequences are 58.8%

for BM T=0.75 and 82.1% for SBM T=1.
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14: Histograms are provided in Ap-

pendix C.

15: Note that these models were inferred

using a different parameter initialization

(starting from a profile model instead of

zero, as was the case for the 𝑁
chains

= 50

model), and without the averaging proce-

dure. In terms of couplings, we were not

able to observe any clear differences be-

tween these inference settings, but new

experiments are currently underway to

address this question.

These percentages remain relatively low, as they are computed over the

experimentally tested sequences, which are fewer than the total number

of natural families. Thus, when generating 10,000 sequences for each

model, we find 58.8% family coverage for BM T=0.75 and 82.1% for SBM

T=1 (for reference, this value is 93.8% for BM at T=1, which is known to

lack generative capacity, according to the results of Russ et al.)14
.

These findings suggest that the SBM model, due to its capacity to generate

functional sequences at T=1, is better able to reproduce the diversity

observed in natural datasets.

Another question is whether we can enhance novelty by increasing the

regularization of the SBM to generate sequences that are more dissimilar

from natural proteins. This is the focus of the next section.

4.4.2 Lowering the 𝑁chains: Can we gain in novelty?

Building on the results obtained with the SBM at 𝑁chains = 50, we now

investigate whether we can enhance novelty, i.e., generate sequences that

are more distant from natural ones.

Indeed, Figure 4.8D shows that the average identity to the nearest natural

sequence is 77% for artificial sequences, compared to 60% for the natural

dataset (based on the weighted statistics used to train the model).

For SBM with 𝑁chains = 50, this identity distribution ranges from 44% to

99%, whereas for natural proteins it ranges from 25% to 92%. Additionally,

as shown in Figure 4.8F, the average energy of the test sequences is

significantly higher than that of the training sequences.

Can we further increase regularization, i.e., reduce the 𝑁chains parameter,

to generate sequences that are, on average, more divergent from natural

ones?

To answer this question, we trained models with 𝑁chains = 20 and

𝑁chains = 30. Figure 4.10 presents model statistics and experimental re-

sults for 196 artificial sequences generated by the 𝑁chains = 30 model
15

.

In Figure 4.10F, we observe that the energy distributions for the test

and training sets do not completely overlap. However, the increased

regularization brings the two distributions closer, indicating improved

generalization capacity.

While the overlap between the artificial and training energy distributions

is not as strong as in the SBM 𝑁chains = 50 case, 99% of the artificial

sequences still have energies below the maximum statistical energy

observed in the training set.

In terms of novelty, Figure 4.10G shows that the identity-to-nearest-

natural distribution now ranges from 32% to 80%, with an average of

56%. Importantly, sequences are sampled at T=1, preserving dataset

diversity, as shown in Figure 4.10E.

Of the 196 artificial sequences tested, 6 exhibit relative enrichment

levels indicative of functionality, representing 3% of the dataset. These

functional sequences are among the closest to natural ones, with 69–73%

identity to the nearest natural sequence.

The generative capacity of this model is therefore limited to a small

fraction of functional sequences, which are not substantially more dis-

tant from natural sequences than those obtained with the 𝑁chains = 50

model.
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Figure 4.10: SBM Statistics and generative power. (Panel G is made from data provided by Emily H.)

A. Comparison of frequencies computed on the test and artificial sequences. The bottom panel shows the same comparison between the

training and test sequences. The Pearson correlation coefficient is also provided. The color scale indicates point density.

B. Same as panel A, but for 2
nd

-order correlations.

C. Same as panel A, but for 3
rd

-order correlations.

D. Artificial sequences projected onto the first two principal components computed from the natural alignment. The bottom pannel

shows the same projection for natural sequences for comparison.

E. Histograms of pairwise identity for training, test, and artificial sequences generated with SBM 𝑁
chains

= 30.

F. Boxplots of statistical energy distributions for training, test, artificial, and random sequences.

G. Scatter plot showing relative enrichment as experimentally measured.

16: For these models, the test set was

designed to exclude any sequence with

more than 80% identity to a training

sequence.

17: Note, however, that the variance ex-

plained by these two components is less

than 8%.

Nonetheless, this result is instructive as it prompts us to reconsider how

generative models are commonly evaluated.

When comparing frequency statistics, second- and third-order correla-

tions between the artificial, training, and test datasets, we observe that

the similarity between artificial and test sets mirrors that between the

training and test sets
16

.

Moreover, principal component analysis shows that artificial sequences

exhibit a distribution similar to natural sequences in the space of the first

two components
17

.

These statistical analyses are standard in the literature on generative

models for protein sequences [43, 66, 80, 88, 96, 97], and are often

regarded as strong in silico indicators of a model’s generative capacity.

However, as already shown by Russ et al., matching these statistics does

not guarantee generative capacity, as illustrated, for instance, by the BM

at 𝑇 = 1. Similarly, models that reproduce the energy distribution of

the training set, such as null or profile models, cannot automatically be

considered generative.

Here, we extend this observation by showing that even a model that cap-

tures standard statistical features and produces sequences with training-
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18: This conclusion also holds for the

𝑁
chains

= 20 model; see Appendix C for

details.

like energies may still fail to generate a significant fraction of functional

sequences.
18

4.5 Discussion

4.5.1 Summary

This chapter introduced the Stochastic Boltzmann Machine (SBM), an

inference method based on the L-BFGS algorithm, with an implicit

regularization scheme based on the hyperparameters: 𝑁iter, 𝑁chains, and

𝑚.

Its performance was first assessed on a toy model designed to reflect

interactions at multiple scales within sequence data. On this model, the

use of L-BFGS led to distinct optimization trajectories in parameter space,

bringing the inferred couplings closer to an unbiased estimate of the true

interactions.

Beyond this, we explored how 𝑚 and 𝑁chains can be used to modulate

the strength of regularization. A systematic study of inferred couplings

across different values of 𝑁chains revealed that higher values act similarly

to weaker 𝐿2 penalties in standard Boltzmann Machines. Interestingly,

lowering 𝑁chains allowed us to reach a regime where inference bias is

reduced, while preserving proximity to the ground-truth parameters.

Motivated by these results, the method was then applied to real protein

data, focusing on the chorismate mutase family. Several models were

tested on this dataset, with both statistical and experimental evalua-

tions.

At temperature 𝑇 = 1, we showed that the SBM was able to generate

artificial sequences with energies comparable to those observed during

training, an outcome not achieved by the standard BM except under

very weak regularization. When comparing models with similar levels of

novelty, BM (𝑇 = 0.75, 𝜆 = 0.01) and SBM (𝑇 = 1,𝑁chains = 50) generated

comparable fractions of functional sequences. Yet, because the SBM does

not require low-temperature sampling, it is able to better reproduce the

diversity observed in natural sequences.

We then explored the effect of increased regularization (i.e., smaller

values of 𝑁chains) with the goal of generating sequences more distant

from natural ones. With 𝑁chains = 20 and 30, the models generated very

few functional sequences, all of which were among the closest to natural

ones.

These results first underscore the limitations of the SBM approach, but

also raise a broader question: to what extent is it possible to generate

functional sequences that are substantially different from natural ones,

given the available data and the modeling framework used?

Moreover, the failure of these models to produce functional sequences

stands in contrast to classical in silico analyses, which had suggested a

statistical resemblance between artificial and natural sequences. This dis-

crepancy highlights the limitations of such analyses in reliably evaluating

the generative capacity of a model.
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19: On PubMed, the number of hits for

the keywords "generative model protein"

increased from fewer than 1,000 in the

early 1990s to over 17,000 in 2024.

20: It has, for example, been shown that

AlphaFold cannot be used to predict the

effect of single mutations on protein sta-

bility and function [117].

21: These scores were computed over 50

to 150 sequences for both artificial and

natural datasets, and are provided in Ap-

pendix C. Additional statistics will be

required to draw more robust conclu-

sions.

4.5.2 About Generative Model Evaluation

Since the early 1990s, the literature on generative models for protein

sequences has grown considerably,
19

with a wide variety of models being

proposed: VAEs, autoregressive models, generative adversarial networks,

diffusion models, transformers, energy-based models, and others.

However, given the high cost and technical expertise required for experi-

mental validation, only a limited number of models are actually tested in

the lab.

Many of the proposed models are typically evaluated in silico across mul-

tiple protein families to demonstrate their ability to generate sequences

that are statistically indistinguishable from natural ones.

Evaluations often rely on comparing statistics between natural and

synthetic sequences, leveraging more complex metrics derived from

other models (e.g., AlphaFold structure prediction confidence scores), or

assessing the model’s ability to predict contacts or mutational effects [43,

66, 80, 88, 96, 97].

While these in silico evaluations are far from uninformative, they deserve

critical examination.

For instance, should a Potts model designed to generate protein sequences

necessarily perform optimally in contact prediction? Especially if im-

proved contact prediction comes at the expense of capturing other types

of interactions?

Should we rely on AlphaFold scores to distinguish between good and

bad generative models?

Consider AlphaFold’s confidence score (pLDDT): when confronted with

experimental data, it shows a large number of true positives and true

negatives, but also a non-negligible number of false positives
20

. For

example, artificial sequences generated with SBM 𝑁chains = 50 and SBM

𝑁chains = 30 achieve average pLDDT scores of 93 and 92, respectively
21

.

In this case, one cannot claim that AlphaFold could have predicted the

non-functionality of SBM 𝑁chains = 30 sequences.

But is that even desirable? Might it not be just as interesting to study

models that AlphaFold fails to validate? Given the high cost of exper-

iments, it may seem unwise to test a model that generates sequences

for which AlphaFold cannot confidently predict a structure. Yet this is

precisely where "true" novelty may lie.

Several studies have addressed the problem of evaluating generative

models [92], often in the context of images [118], but also more specifically

for protein sequences. As mentioned in Section 2.3.5, one proposed

approach involves the use of synthetic data, commonly generated from a

model (often a Boltzmann Machine) trained on real data [102, 103].

However, this approach implicitly assumes that the generative model

used to produce synthetic data has accurately captured the relevant

structure of the original data and is free from significant biases. Otherwise,

evaluating new models on such synthetic data may be misleading. To

exaggerate: one could imagine evaluating a model using data generated

by an independent model. More subtly, consider a Boltzmann Machine

that captures local interactions very well but fails to represent collective

ones. If such collective interactions are actually important, then we risk

overlooking a critical aspect in model assessment.
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Rather than using such synthetic data, we opt for a toy model not trained

on real sequences but specifically designed to reflect what we believe

to be important features of protein sequences: namely, a network of

multiscale interactions, which in real data plays a fundamental role in

structure, function, and evolvability.

This choice is supported by numerous studies showing that, beyond

residue-residue contacts corresponding to 3D structural proximity, groups

of co-evolving residues can be crucial for protein function. Some of these

groups—referred to as sectors—have been experimentally character-

ized in diverse systems, such as serine proteases [19], dihydrofolate

reductases [36], and rhomboid proteases [41].

Of course, building a toy model carries the risk of misidentifying what is

essential and what is not. Yet this constraint forces us to think critically

about the features we consider fundamental. In that sense, such models

can serve as useful tools to isolate and test specific hypotheses about the

principles underlying protein properties.

This naturally raises a broader question: to what extent can genera-

tive models help us not only generate sequences, but also deepen our

understanding of the mechanisms that govern protein function?

4.5.3 About the utility of these generative models

There are multiple motivations for developing generative models of

protein sequences.

One practical goal is to design protein sequences, distinct from those

found in nature, that perform a specific biological function. This might

involve improving properties such as thermostability or catalytic effi-

ciency of a given protein, or modifying a protein’s function—for example,

modifying an enzyme to act on a new substrate [119, 120].

Beyond this design-oriented goal, generative models can also offer a

framework for understanding. By analyzing why a model succeeds,

or fails, to produce functional sequences, we can gain insight into the

fundamental features that govern protein properties. In this context,

prediction becomes a means rather than an end and the objective is to

understand what features a model must capture in order to generate

functional sequences as diverse as natural proteins, without copying

them.

In this work, we focused on a class of models that aim to reproduce

the empirical first- and second-order statistics of natural sequences.

Experimental data, such as that from the chorismate mutase family [58],

show that first-order constraints alone are not sufficient to produce

functional sequences.

Incorporating second-order statistics, as in the Boltzmann Machine (BM),

requires low-temperature sampling to generate functional sequences.

However, we have shown that such sampling leads to a substantial re-

duction in sequence diversity. This suggests that the Boltzmann Machine

(BM) model, in its current form, may be inadequate.

This naturally raises the question of whether the model class itself should

be reconsidered. In this work, we chose to retain the Potts model frame-

work and instead focused on the inference procedure, hypothesizing that

improved inference could better capture the relevant structure of the

data.
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One of the key findings of this work is that a Potts model inferred using

the SBM method more faithfully reproduces the diversity observed in

natural data, thanks to its ability to generate functional sequences at

𝑇 = 1.

But what does this result teach us about proteins? What lies at the heart

of this SBM model’s success? Does it stem from the correction of biases

between local and collective interactions, as observed in the toy model?

At this stage, we do not yet have sufficient evidence to answer these

questions with confidence.

Nonetheless, these are precisely the kinds of questions we must ad-

dress if we aim to move from predictive performance toward deeper

understanding of proteins.

4.5.4 Future Directions

Despite the promising results of the SBM approach, we still lack a clear

theoretical understanding of how it works. Building such a foundation

is an important next step. One way is to explore simplified models

where the inference dynamics can be worked out exactly, gradually

adding the features that define the SBM. This is the direction we are

currently taking with Milo Repossi, a student who has been working

since January on Gaussian models to study how the structure in the data

affects inference.

A natural follow-up question is whether the biases observed in BM

models also appear in other generative frameworks, such as Restricted

Boltzmann Machines, diffusion models, or transformers. To answer this,

we would eventually need a way to identify such biases that doesn’t

depend on the model itself.

Interestingly, it seems that a mapping exists between the inverse Potts

model and other architectures. For instance, it was recently shown that a

single factored attention layer trained with masked language modeling is

equivalent to solving the inverse Potts model using the pseudolikelihood

approximation [121]. While such models differ from large off-the-shelf

transformers pretrained on billions of sequences, they could provide

a useful starting point for investigating undersampling biases in these

architectures.

On the application side, it would be interesting to move beyond the

chorismate mutase family and apply SBM to more complex systems.

Serine proteases, discussed in Chapter 6, are a good candidate: they are

longer (𝐿 ∼ 250), show remarkable functional diversity and have already

been widely studied through the SCA approach, which revealed three

distinct sectors tied to specific biochemical properties.
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1: A protein that has been purified and

denatured by a solvent often refolds

spontaneously when the solvent is re-

moved, indicating that the sequence con-

tains all the information necessary to

specify the structure [6].

Protein Properties and
Mutational Effects 5

This third part of the thesis explores how energy-based models can guide

the prediction of compensatory mutations in protein sequences with

the objective of: (1) investigating the determinants of specificity within

the serine protease family, and (2) supporting the understanding of an

allosteric mechanism in the dihydrofolate reductase family.

Chapter 5 outlines some important concepts linked to protein properties,

functions and mutational effects. Chapter 6 presents the proposed ap-

proach and its application to serine proteases. Finally, Chapter 7 extends

the method to an other context: compensating for a mutation within the

allosteric network of E. coli dihydrofolate reductase.

5.1 Proteins, physical properties and function

The biological functions of proteins emerge from their chemical and

physical properties, which are governed by the collective interactions of

amino acid residues within their structure. Subsequent sections provide

a concise summary of some experimental and computational techniques

developed to analyze protein structure, dynamics and function under

varying environmental conditions.

5.1.1 Physical properties

Among the physical properties of proteins that can be characterized, one

of the most important is their conformation, i.e., the folded structure

dictated by the amino acid sequence
1

. This structure can be determined

experimentally through techniques like x-ray crystallography [12] that

require generating a suitable protein crystal to study the diffraction

pattern of x-rays passing through it, or nuclear magnetic resonance

(NMR) [13] that can also be used to monitor changes in protein structure

(for example during folding or binding to another molecule).

These experimental structure data, combined with the vast amount

of protein sequences now available [23], can be used to train models

that accurately predict the structure of many proteins. In this context,

the power of deep learning became especially clear after the first Al-

phaFold’s [14] victory at the Critical Assessment of Structure Prediction

(CASP) competition in 2018.

Experimental 3D structures can also be integrated into physical models.

As we will see in Chapter 7, when applied to proteins, molecular dynamics

simulations offer valuable insights into biological phenomena, such as

conformational changes caused by mutations.

Another key property of proteins that has also been widely studied is the

stability, which refers to the ability to maintain the functional structure

under varying conditions. For example, the thermodynamic stability

is commonly assessed with techniques such as Differential Scanning

Calorimetry (DSC) [122], that can be used to quantify the temperature at

which the protein denatures or unfolds.



70 5 Protein Properties and Mutational Effects

2: In addition to function, evolvability is

also often considered a selectable trait.

Beyond simply maintaining their structural integrity, proteins must also

interact with other molecules. The strength of binding between two

molecules (A and B) can be quantified through the equilibrium constant

of the reaction: A+B ⇄ AB. This binding affinity of a protein for another

molecule, called a ligand, is a critical property because such interactions

govern the function of most—if not all—proteins, from antibodies that

bind to viruses to enzymes that interact with ligands in order to catalyze

chemical reactions.

5.1.2 Function and fitness

Natural evolution has selected proteins for their function, i.e. their role

in living organisms
2
. In fact, variations in a protein’s function can greatly

influence the organism’s capacity for survival, growth, and reproduction

in a given environment, collectively referred to as fitness. It is important

to note that even a single amino acid mutation can result in a complete

loss of the protein function.

There is no straightforward approach to determine a protein’s role in

a given organism when it is unknown. Nevertheless, comparing the

sequence of a newly identified protein to existing databases of known

proteins can often provide significant insights regarding its role.

In the following chapters, we will concentrate on two protein families

with established roles in living organisms, supported by experimental

data concerning their structure and function. These proteins are part

of the large functional category of enzymes. While enzymes have been

discussed previously, we will briefly describe the experimental methods

employed to measure these proteins’ activities.

5.1.3 Kinetics of enzymes

+

+

Figure 5.1: Schematic representation of

an enzyme catalyzing a cleavage reaction.

The enzyme first binds to the substrate

to form the enzyme-substrate complex,

then catalyzes the cleavage of a covalent

bond, and finally releases the products.

An enzyme accelerates a reaction without undergoing any change itself,

thus functioning as a catalyst. Enzymes can be classified into several

categories, each highly specialized and effective in catalyzing a particular

type of reaction. For instance, hydrolases are enzymes that catalyze the

cleavage of chemical bonds using water.

A widely used and effective model is the Michaelis-Menten model [123],

which provides a simple yet powerful framework to describe enzyme

kinetics. According to this model, an enzyme E must first bind to a ligand

called substrate S to convert it into a modified product P:

E + S

𝑘+
⇌
𝑘−

ES

𝑘cat−−→ E + P. (5.1)

When all enzymes are occupied by a substrate, the reaction rate only

depends on how quickly the enzyme can process the substrate. This

maximum rate divided by the enzyme concentration is referred to as the

turnover number, denoted as 𝑘cat.

Another frequently used parameter to characterize enzymes is the

Michaelis constant 𝐾m, which represents the substrate concentration at

which the reaction rate reaches half of its maximum value (Figure 5.2).

Thus, a low 𝐾m means that the enzyme achieves its maximum catalytic

capacity at low substrate concentrations, suggesting a strong affinity for

its substrate.
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3: These variants are typically associ-

ated with barcode sequences, that are

short DNA fragments uniquely identi-

fying each variant. This allows for the

rapid tracking and quantification of all

mutants in parallel through sequencing

techniques.

4: This quantity will be denoted as

log(r.e.) for logarithm of relative enrich-

ment. When > 0 it thus means that the

mutation is beneficial with respect to the

Wild Type.

The ratio
𝑘cat

𝐾m

is widely used to assess catalytic efficiency, either by com-

paring the same enzyme acting on different substrates, or by comparing

different enzymes with their respective substrates.

Figure 5.2: The reaction rate of an en-

zyme increases with the substrate con-

centration until a maximum value 𝑉max

corresponding to the situation where all

enzymes are occupied with a substrate.

The concentration of substrate at which

the reaction rate reaches half of its maxi-

mum value is denoted as 𝐾m.

To obtain an accurate measurement of this quantity, it is necessary to

conduct multiple experiments at varying substrate concentrations in

order to obtain kinetic curves. As we will see in Chapter 6, such curves

can be obtained through fluorescence measurements using a substrate

that becomes fluorescent when processed by the enzyme.

In the following, we will focus on two families of such proteins called

enzymes for which experimental methods exist to measure their efficiency.

Since these proteins have already been extensively studied as we will

see in chapter 6 and 7, they serve as suitable model systems to study

important properties of protein functions.

5.2 Mutational Effects

Assessing how mutations can impact a protein’s stability, function or the

fitness of an organism provides crucial insights into the sequence-function

relationship. Thus, extensive research has been conducted to investigate

these mutational effects through both experimental approaches and

computational tools.

5.2.1 Experimental Measurement

We have already mentioned that organisms (e.g., bacteria) can be modified

to express mutant or artificial proteins while the gene coding for the

native version is knocked out. Suppose we want to test all possible single

mutations in a 300-amino-acid protein, which amounts to 6,000 mutants.

Without high-throughput methods, this would require a considerable

experimental effort. However, since the 2010s, Deep Mutational Scanning

(DMS) approaches combined with next-generation sequencing have

enabled systematic evaluation of mutations’ impacts on protein stability,

activity, binding affinity, and organism fitness [124].

These experiments typically begin with the generation of a comprehensive

library of mutant variants
3
. This library is then exposed to a selection

or screening process specifically designed to probe the property or

function of interest. The effect of each mutation is finally assessed using

an enrichment metric, which compares the abundance of each variant

before and after selection. To evaluate whether a mutation is beneficial or

deleterious, it is common practice to normalize the enrichment of each

mutant by that of the non-mutated, or wild-type, protein, and finally

take the log of this quantity
4
.

This systematic evaluation of individual mutations can reveal unexpected

insights, such as mutations critical for function even if distant from the

active site. This phenomenon, known as allostery, will be discussed

further in Chapter 7.

If we assume that all residues in a protein are independent, a single DMS

experiment would be sufficient to predict the impact of mutations on all

sequences within the same family. However, empirical evidence suggests

that this is not the case. Experiments measuring the effects of single

and double mutations on a protein have, for example, demonstrated
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5: Defining epistasis as the non-

additivity of mutations first requires a

clear baseline for what constitutes inde-

pendent mutation effects. Except when

considering a thermodynamic state vari-

able, establishing such a baseline is far

from straightforward [129].

that certain mutations can have different effects when combined to other

mutations, a phenomenon known as epistasis [125, 126].

5.2.2 Epistasis

First described in genetics (1907) [127], epistasis refers to the genetic

background dependency of mutation effects [128]. In other words, com-

binations of mutations can lead to effects that are not predictable from

single mutations alone
5
. These interactions typically occur at various

levels, from pairwise interactions to more complex higher-order combi-

nations of mutations. Depending on the direction and the magnitude

of the resulting effects, epistatic interactions are usually classified into

different subtypes. In the following, we will, for example, refer to positive

epistasis, where the combined effect of mutations is more beneficial than

expected from their individual contributions.

Extensive research has sought to uncover the mechanisms underlying

epistasis and its impact on protein evolution [130, 131]. To address

these questions, high-throughput screening methods have enabled the

quantification of epistatic interactions in the local sequence neighborhood

of some proteins [125, 132, 133].

In 2014, Olson et al. [125] generated a log-enrichment map of single and

double mutants in a bacterial protein domain that binds antibodies. Their

experiments revealed that most deleterious mutations have one or more

interacting mutations that render them either beneficial or neutral. One

year later, Podgornaia et al. [133] conducted a high-throughput screen

targeting four key residues of the E. coli protein kinase PhoQ and found

that 94% of the functional variants identified would have been predicted

to be nonfunctional based on the effects of single mutations alone (Figure

5.3).

All Functional variants

1,555 386104

Predicted by 
point mutations

Figure 5.3: Epistasis in E. coli PhoQ.

(Adapted from [133])

Venn diagram illustrating the overlap

between functional PhoQ variants identi-

fied experimentally and those predicted

from single mutants, assuming indepen-

dence between positions.

These studies suggest that epistasis is abundant in the local sequence

neighborhood of a protein. In particular, positive epistasis appears to

be a key factor in protein evolvability, as it can open new mutational

pathways. For instance, in the TEM-1 𝛽-lactamase antibiotic resistance

gene, it has been shown that a stabilizing mutation can mitigate the

otherwise deleterious effects of mutations that increase the protein’s

activity against novel antibiotics [74, 134]. These results suggest that the

local sequence landscape of a protein may exhibit a great functional

diversity, and epistasis may facilitate transitions between these distinct

functional regions within sequence space.

In Chapter 6, we will focus on the serine protease family. These enzymes

catalyze cleavage reactions and are each highly active on different sub-

strates, thus displaying a range of specificities. For this family, DMS

datasets for combinations of mutations are not available. However, in

1992, Hedstrom et al. demonstrated that it was possible to significantly

change the specificity of one such enzyme with only a few mutations.

Since then, other attempts have been made; some have been unsuccessful,

and most have resulted in only partial conversions.

Taken together, all these studies highlight the complexity of epistatic

interactions and the potential that a deeper understanding of these effects

could offer.
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6: All of these methods have been bench-

marked against Deep Mutational Scan-

ning (DMS) datasets. However, their

performance varies considerably across

different protein families. The best-

performing method is not always the

same, and for some families, such as

viruses, the independent model can even

outperform "epistatic" models that ex-

plicitly account for amino acid interac-

tions [137–139].

5.2.3 Predict epistatic interactions

Functionally or structurally important couplings between amino acids

are expected to drive their coevolution, leaving detectable signatures of

covariation in multiple sequence alignments that reflect the evolutionary

history of a protein family. Consequently, data-driven models trained on

such datasets can be used to predict epistatic interactions.

A wide range of computational approaches based on sequence data have

demonstrated their ability to predict residue-residue contacts within a

protein’s tertiary structure, as well as to estimate the effects of single or

multiple mutations. These include supervised methods relying on single-

site conservation [135], unsupervised statistical models incorporating

pairwise interactions such as Direct Coupling Analysis (DCA) [75, 77],

approaches that explicitly model the evolutionary history of protein

families [136], and deep learning-based models [137].
6

In the following chapters, we focus on two systems in which the goal is to

identify mutations that are epistatically coupled to a known deleterious

mutation. Specifically, the aim is to propose compensatory mutations

that can rescue the functional impact of such a deleterious change.

This strategy will serve two different purposes: (1) further explore the

determinants of specificity within the serine protease family, (2) support

the understanding of an allosteric mechanism in E. coli dihydrofolate

reductase.

To this end, we will employ the Boltzmann Machine (BM) framework

introduced earlier in this thesis. This model defines a probability distri-

bution over sequence space, constructed using the Maximum Entropy

Principle. Its parameters are fitted by enforcing constraints on empirical

statistics through an optimization procedure.

The probabilities assigned by the model inherently depend on the data

used for training—particularly the number and diversity of available

sequences—as well as the type of statistical features included (here,

single-site and pairwise amino acid frequencies). Our goal is to use these

probabilistic predictions not as an end in themselves, but as tools to gain

deeper insight into the biological systems under study.





1: The S1 family belongs to the PA clan

and is further divided into subfamilies

S1A and S1B [21].

2: The notation Ser195 indicates the pres-

ence of a serine residue at position 195. In

the following, when referring to specific

residue positions in a serine protease, we

will adopt the residue numbering from

the PDB structure 3TGI.

3: For highly specific family members

such as trypsin, the catalytic efficiency

ratio (𝑘cat/𝐾m) between a lysine and a

phenylalanine substrate can reach values

on the order of 10
5

[142].

4: Serine proteases are not exclusively

sensitive to the amino acid at the P1 po-

sition; rather, they recognize a short mo-

tif within the substrate. While residues

downstream of P1 also contribute to

specificity, their influence is more limited

and will be neglected in the remainder

of this chapter.

Specificity Conversion in Serine
Proteases 6

The following chapter is based on a collaborative effort with the team led

by Clément Nizak at the Jean Perrin laboratory.

Figure 6.1: rat trypsin structure.
Ribbon representation of rat trypsin

structure (PDB: 3TGI) with an inhibitor

protein highlighted in green sticks, the

catalytic triad in black and the binding

pocket in red (visualized with Pymol

open source).

Amaury Paveyranne, a PhD student co-supervised by Clément Nizak

and Olivier Rivoire, works on a specific family of enzymes through

computional and experimental approaches. This family considered as a

model system is notably known for its functional diversity. Significant

efforts have been made to understand the mechanisms driving this

diversity, with a particular emphasis on the ability to switch protein

functions through a limited number of mutations. The objective of this

work is thus to explore how the BM model can be used to guide such a

conversion.

My contribution to this work involved the development of the prediction

methodology. The experimental asssays to measure the activity of the

different mutants were conducted by Amaury Paveyranne, Timothé

Lucas and Shoichi Yip.

As this is an ongoing project, the results presented in this chapter should

be considered preliminary.

6.1 Serine Proteases

Serine proteases represent a large family of functionally diverse enzymes

that play essential roles in a wide array of physiological processes,

including digestion, immune response and blood coagulation [21, 140].

Despite their involvement in distinct biological pathways, all serine

proteases catalyze the hydrolysis of peptide bonds through a similar

mechanism centered around a serine residue within their active site that

gave the family its name [141]. In the following sections, we will focus on

the specific S1A subfamily within Protease Clan PA, which represents

the largest and arguably one of the most studied enzyme groups.
1

Two groups of residues have been identified as essential for the activity

of these proteases:

▶ The catalytic triad composed of serine (Ser195)
2
, histidine (His57),

and aspartate (Asp102) residues.

▶ The binding pocket shaped as a cavity by three residues interacting

with the substrate and connected to the active site.

Although serine proteases share a common fold and catalytic mechanism,

their specificity profiles can vary significantly depending on the position

of the substrate. The residue located immediately upstream of the cleavage

site is commonly referred to as P1. Trypsin and chymotrypsin are two

examples of digestive serine proteases with different specificity profiles.

In particular, trypsins prefer Arg/Lys side chains at the P1 position

of substrate but chymotrypsins prefer Phe/Tyr/Trp residues.
3,4

The

structure of rat trypsin is shown in Figure 6.1, highlighting the catalytic

triad and the binding pocket.

The specificity of these proteases has long been attributed to the geometry

of the binding pocket and the electrostatic interactions that occur within

it.
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Table 6.1: Table summarizing the various attempts to convert specificity in the S1A family. The table includes the activity achieved as a

percentage of the target enzyme’s amidase activity for 𝑘
cat/𝐾m

measurements
†

or absorbance measurements
‡
. Those related to esterase

activity instead of amidase activity are indicated by
★

.

Paper Year Conversion # of mutations Result

Hedstrom et al. [143] 1994 Rat tryp. to chymo. 16 2 − 15%
†

Caputo et al. [144] 1994 Granz. B to chymo. 1 30 − 40%
‡★

Venekei et al. [145] 1996 Bovin chymo. to Tryp. 15 10
−4 − 10

−3
%
†

Hung et al. [146] 1998 Rat tryp. to elastase 15 2%
†★

Caputo et al. [147] 1999 Granz. B to tryp. 1 nd
†

Jelinek et al. [148] 2004 Rat chymo. B to tryp. 2 0.01%
†

5: Elastase exhibits a strong preference

for cleaving peptide bonds adjacent to

small, non-polar amino acids, particu-

larly Ala (A) and Gly (G).

In fact, the binding pocket of trypsin composed of Gly216, Gly226, and

Asp189 which is negatively charged is, for example, more efficient at cleav-

ing after amino-acids with positively charged side chains. Chymotrypsin,

for its part, carries a Ser189 at the bottom of its binding pocket and can

accommodate aromatic side chains.

This line of reasoning—linking specificity mainly to the geometry and

chemical environment of the binding pocket—is commonly referred to

as the structural approach.

However, attempts at specificity conversion in a few mutational steps

have suggested that this approach alone is insufficient to explain the

specificity of these enzymes, and the underlying mechanisms are not yet

fully understood.

6.1.1 Attemps at specificity conversion

Figure 6.2: Hedstrom swap.

Ribbon representation of rat trypsin

structure (PDB: 3TGI) with the hed-

strom’s swap residues highlighted in or-

ange.

Since the 1980s, several studies have focused on the rules that encode

specificity in proteases. Testing the structural approach hypothesis, which

suggests the binding pocket controls specificity, led to attempts at con-

verting trypsin into chymotrypsin. Since the binding pocket of these

two proteases differs only at residue 189, it was expected that the D189S

trypsin mutant would cleave chymotrypsin-type substrates.The verdict

came at the end of the 1980s, when Graf et al. measured the catalytic

activities of the rat trypsin D189S mutant, which were far below those of

the natural homologs [149].

In the early 1990s, Hedstrom et al. proposed complementing the struc-

tural approach with an evolutionary strategy by comparing trypsin and

chymotrypsin sequences from various organisms [142]. This approach

led to the first partial but successful conversion in rat trypsin, which

required 15 mutations, mostly located on two loops that are not directly

in contact with the substrate (see Figure 6.2). In 1994, they identified an

additional mutation, which resulted in a protease exhibiting 2-15% of

chymotrypsin activity [143]. This mutant is what we will refer to later

when discussing Hedstrom’s swap.

The same strategy was attempted for the reverse conversion without

success [145], and the trypsin to elastase
5

switch also yielded modest

results [146]. More recently, the work of Jelinek et al. revealed that the

S189D mutation combined with the A226G mutation was sufficient to

give rat chymotrypsin B 0.01% of a trypsin-like activity [148].

We can also note additional conversion attempts targeting other members

of the S1A family, such as granzyme and thrombin [144, 147, 150, 151]. A
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non-exhaustive list of conversions explored in the literature is provided

in Table 6.1.

A

B

Figure 6.3: Robustness of the specificity
sector to MSA choice.
A. Ribbon representation of rat trypsin

(PDB: 3TGI) showing the specificity sec-

tor (red) identified by Statistical Cou-

pling Analysis (SCA), using the larger

MSA constructed by Shoichi Yip.

B. Comparison of residue contributions

to the red (specificity) sector obtained

from the two MSAs: the original one

from Halabi et al. and the larger align-

ment built by Shoichi Yip. Red filled cir-

cles indicate residues identified in both

MSAs; red crosses and open circles repre-

sent those specific to Halabi’s or Shoichi’s

MSA, respectively. These results were ob-

tained using the COCOATree toolbox [2].

These efforts to convert enzyme specificity have exposed the limits

of purely structural models and highlighted the role of long-range,

evolutionarily encoded interactions. Statistical coupling analysis (SCA)

is one such approach developped to capture coevolutionary signals

between residues within a protein family.

6.1.2 Specificity sector

When SCA was developed and applied to the S1A family, it revealed three

quasi-independent groups of residues with distinct functional roles [19,

29]. One of these groups, referred to as the red sector, was identified

as the main determinant of specificity in serine proteases of this family.

Remarkably, most residues in this sector belong to, or are located near,

the Hedstrom swap, as shown in Figure 6.3.

As already mentioned, the past three decades have seen a substantial

increase in the amount of protein data available in public databases,

making it possible to construct alignments with far more sequences than

was previously feasible. A new MSA, built by Shoichi Yip as part of his

Master’s thesis, allowed us to revisit the original SCA analysis using an

alignment with an effective number of sequences ten times larger than

the original dataset
6

6: The MSA from Halabi et al. has a size

1470 while the new MSA made by Shoichi

Y. has a size 93695. Regarding the effec-

tive number of sequences it is typically

16806 against 799.

. As shown in Figure 6.3, the red sector obtained

by applying SCA on this new dataset aligns with the results obtained

from the Halabi et al. MSA.
7

7: For a more comprehensive compar-

ison of the SCA results, see Appendix

D.

This supports the use of this larger MSA for

further evolutionary analysis.

While SCA has helped identify a set of residues involved in speci-

ficity—consistent with the earlier work of Hedstrom et al. [143] —,

the conversion problem remains partially solved. A switch from chy-

motrypsin to trypsin has, for example, not yet been achieved, and most

of the successful attempts at conversion remain partial.

To further explore the determinants of specificity within this protein

family, we propose to build on the previously introduced energy-based

model. Although residue 189 is recognized as a major determinant of

specificity, it is not sufficient on its own to account for the full mechanism.

We therefore initiate our analysis by introducing a mutation at this

critical position and aim to predict compensatory mutations that could

collectively shift substrate specificity.

6.2 Difficulty of the task

We have just reviewed how the question of specificity in serine proteases

has been addressed in the literature. Successful specificity conversions

are rare, which suggests that the task is inherently difficult.

A first reason for this lies in the sheer size of the mutational space that

becomes accessible as one moves away from a reference sequence. While

there are only 20×𝐿 ∼ 10
3

single mutants, the number of 𝑛-point mutants

is given by

(
𝐿
𝑛

)
20

𝑛
, yielding approximately 10

6
double mutants and 10

9

triple mutants.
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BA CSite 189 for Chymotrypsin seq.Site 189 for Trypsin seq.

Figure 6.4: Statistics at site 189 in Serine Proteases.

A. Amino acid distribution at site 189 for sequences annotated as trypsin. The vast majority of trypsin sequences contain an aspartic acid

(D) at site 189.

B. Amino acid distribution at site 189 for sequences annotated as chymotrypsin. The distribution is nearly evenly split between serine (S)

and glycine (G).

C. Box plots showing percentage identity to rat trypsin for: chymotrypsin sequences (grey), chymotrypsin sequences with S189 (blue),

chymotrypsin sequences with G189 (green), all sequences with S189 (orange), and all sequences with G189 (light orange).

8: Although not shown here, the same

pattern holds when comparing all an-

notated trypsins to all annotated chy-

motrypsins—the highest identity ob-

served between any trypsin and any chy-

motrypsin in the alignment is 45%.

Clearly, it is not feasible to experimentally test all these variants. This

is why structural information and sequence data are essential tools for

investigating the mechanisms of specificity.

We have emphasized that residue 189 has been structurally identified

as a key determinant of specificity—a finding that is also supported by

sequence data.

In Figure 6.4A & B, we show the amino acid distribution at site 189

across 172 sequences annotated as trypsin and 82 sequences annotated

as chymotrypsin. The difference is striking: almost all trypsins carry an

aspartic acid (D) at position 189, while chymotrypsins predominantly

contain either a serine (S) or glycine (G).

If one aims to confer chymotrypsin-like activity onto the rat trypsin

sequence (which will serve as our reference in the following), a logical

starting point would be to introduce either the D189S mutation (as

performed by Hedstrom) or the D189G mutation.

We may also ask whether any annotated chymotrypsin sequences in the

dataset are already relatively close to the rat trypsin sequence. As shown

in Figure 6.4, the closest chymotrypsin shares 43% sequence identity

with rat trypsin (which corresponds to 111 mutations over an alignment

of 260 positions)
8
.

Interestingly, chymotrypsins that carry a glycine at position 189 tend to

be, on average, more distant from trypsins than those with a serine at that

position. When we remove the restriction to annotated chymotrypsins,

the closest sequence to rat trypsin with either S or G at position 189 still

shows only 64% identity (which corresponds to over 90 mutations across

260 positions).

However, the vast majority of sequences in the dataset lack any functional

annotation. The closest annotated sequence to rat trypsin with a G189 is

a kallikrein (which shares a specificity similar to that of trypsin) and the

closest with a S189 is a chymotrypsin.

The limited sequence similarity between trypsins and chymotrypsins

underscores the difficulty of rationally designing specificity-switch with

only a few mutations. We now turn to a statistical modeling framework

based on Boltzmann Machines, starting by examining the statistical

energy scores provided by such models.
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B

C D
0.4

-0.1

A

Figure 6.5: Statistical energy for a model inferred on the S1A family.
A. Distribution of statistical energies for natural sequences in the S1A alignment. Vertical dashed lines indicate the statistical energy of

rat trypsin (black), its D189S mutant (blue), the Hedstrom swap (red), and bovine chymotrypsin (grey).

B. Coupling terms 𝐽
189𝑗(𝐷, 𝜎𝑗) (black) and 𝐽

189𝑗(𝑆, 𝜎𝑗) (red) across the sequence, showing how replacing D by S at position 189 affects

coupling intensity with other sites.

C. Magnitude of the couplings 𝐽
189𝑗(𝐷, 𝜎𝑗) mapped onto the rat trypsin structure. Residues are colored from blue (strong positive

coupling) to red (negative coupling). The green sticks highlight the substrate.

D. Same as in C but for the mutant 𝐽
189𝑗(𝑆, 𝜎𝑗), highlighting differences in coupling patterns due to the D189S mutation.

6.3 Statistical Energy

The DCA model is a Boltzmann distribution, with a statistical energy

expressed as a sum of fields and couplings, each corresponding to

statistical constraints:

𝐸({𝜎𝑖}𝐿𝑖=1
) = −

𝐿∑
𝑖=1

ℎ𝑖(𝜎𝑖) −
∑
𝑖< 𝑗

𝐽𝑖 𝑗(𝜎𝑖 , 𝜎𝑗). (6.1)

As illustrated in Figure 6.5A, the statistical energies of natural sequences

are not all equal, reflecting differences in how well they conform to the

statistics extracted from the MSA. However, considering the huge size of

the sequence space, the chance of a random sequence falling within the

same energy range as natural sequences is almost zero.

A negative coupling indicates that a combination of two amino acids at

two specific sites is statistically unfavorable in the context of the studied

family. However, this does not preclude the presence of this combination

in sequences within the MSA.

On the other hand, it is absolutely possible to construct sequences

with low energies yet lacking the activity of the natural enzymes. For

instance, consider a wild-type sequence, such as the rat trypsin one.

Introducing a mutation known to be deleterious in this context, like

the D189S mutation [149], increases the sequence energy. The reason for

this is that the mutation causes several residues that were previously

positively coupled with residue 189 to become negatively coupled, as

shown in Figure 6.5B. It is interesting to note that these residues are

mostly located within the red sector, indicating the model’s potential to
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A

E. coli CME. coli DHFRRat Trypsin

CB

Figure 6.6: Comparison between statistical energy variations and DMS data.
Statistical energy changes (Δ𝐸) are plotted against DMS measurements for single-point mutations in three proteins: rat trypsin [152] in A,

DHFR [153] in B, and Chorismate Mutase [30] in C.

In all panels, a vertical red line separates mutations predicted to be beneficial (Δ𝐸 < 0) from those predicted to be deleterious (Δ𝐸 > 0).

A horizontal red line indicates the boundary between enriched mutants (above) and non-enriched mutants (below).

9: 𝐿 + 𝐿(𝐿−1)
2

= 33930 contributions in

this particular case.

identify interactions critical for the specificity of a serine protease (see

Figure 6.5C & D). However, the D189S mutant cannot be distinguished

from natural sequences based on this energy score. As an example, the

Hedstrom swap and the bovine chymotrypsin sequences both exhibit

higher energies.

In the end, the statistical energy score, while informative regarding the

resemblance of a sequence to MSA-derived statistics, is the sum of nu-

merous contributions
9

that may cancel each other out. As such, this score

is not particularly reliable for guiding the prediction of compensatory

mutations.

6.4 Statistical energy variations

Statistical energy variations have been widely used in the literature to

predict mutational effects, particularly for single-point mutations [75–

77].

In the following, we define Δ𝐸(𝜎𝑘 : A → B) as the statistical energy

variation associated with the mutation A𝑘B in the sequence {𝜎𝑖}𝐿𝑖=1
.

This quantity depends on the local field at position 𝑘 and the couplings

between the mutated residue and the rest of the sequence:

Δ𝐸(𝜎𝑘 : A→ B) = 𝐸 ({𝜎1 , ..., 𝜎𝑘 = B, ..., 𝜎𝐿}) − 𝐸 ({𝜎1 , ..., 𝜎𝑘 = A, ..., 𝜎𝐿})
= −ℎ𝑘(B) −

∑
𝑖

𝐽𝑘𝑖(B, 𝜎𝑖) + ℎ𝑘(A) +
∑
𝑖

𝐽𝑘𝑖(A, 𝜎𝑖).

(6.2)

A positive Δ𝐸 indicates that the mutation is predicted to be deleterious.

However, since Δ𝐸 comprises multiple contributions, this prediction

results from a combination of several terms.

Figure 6.6 compares Δ𝐸 values with experimental data from deep muta-

tional scanning (DMS) studies. Across the three proteins, we find that

very few mutations experimentally classified as deleterious are predicted

to be beneficial by the model. Conversely, many mutations that are ex-

perimentally neutral are predicted as deleterious. This asymmetry can
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be explained by revisiting the discussion in Chapter 3 of this thesis. For

instance, we have shown that for the Chorismate Mutase family, over 68%

of all possible amino acid combinations are absent from the dataset.

For a mutation A𝑘B on the sequence 𝝈, the couplings 𝐽𝑘 𝑗(𝐴, 𝜎𝑗)may be

negative, but there is at least one occurrence of each of these combinations

in the data since the sequence 𝝈 itself is included. However, the same

cannot be guaranteed for the couplings 𝐽𝑘 𝑗(𝐵, 𝜎𝑗). It is highly likely that

some of these combinations are missing from the data, causing the

associated couplings to be strongly negative
10

10: It would be interesting to investigate

how this asymmetry depends on the

choice of the reference sequence used

for predicting single-point mutation ef-

fects. One could explore this by removing

sequences close to the reference from the

training set.

.

A

B

Figure 6.7: Compensatory mutations ob-
tained via Δ𝐸 calculation.
A. Ribbon representation of rat trypsin

(PDB: 3TGI) showing the first 20 most

beneficial mutations, starting from the

mutant rat trypsin D189S. The blue gradi-

ent indicates mutation order, from dark

to light blue.

B. Same mutations plotted in the Δ𝐸 vs

experimental enrichment plane, using

DMS data from [152].

In the case of the rat trypsin DMS, it is important to note that selection is

based on mutant activity against a trypsin substrate. Therefore, Figure

6.6A reflects the effect of mutations on trypsin-like activity, but says little

about potential gains in chymotrypsin-like activity.

Let us now return to the example of rat trypsin, where we aim to identify

compensatory mutations for D189S. Starting from the mutant rat trypsin

D189S, we compute the statistical energy variation Δ𝐸 for all single-point

mutations, select the most beneficial one (i.e., the mutation with the

most negative Δ𝐸, excluding position 189), and iterate this process on

the newly obtained mutant.

Figure 6.7A highlights the residues involved in the first 20 beneficial

mutations identified through this greedy procedure. These residues are

broadly distributed across the protein and, notably, do not overlap with

those in the red sector. Moreover, Figure 6.7B shows that all these muta-

tions were already predicted as beneficial on the WT sequence; the D189S

mutation has little to no impact on their ranking. Experimentally, these

mutations also appear to have neutral effects on trypsin-like activity.

Since the only change between the WT and the D189S mutant is a single

residue, the difference in Δ𝐸 is limited to terms involving interactions

between position 189 and the mutated site which is insufficient to signifi-

cantly alter the mutation ranking.

In conclusion, while statistical energy variation provides a useful first

approximation of single-point mutational effect, it does not appear suited

for identifying context-specific compensatory mutations. In the next

section, we introduce another method designed to predict compensatory

mutations with BM models.

6.5 Predict compensatory mutations

As shown in the previous two sections, statistical energy and its varia-

tions, used as such, do not seem appropriate for predicting compensatory

mutations. We therefore propose a method based on differences in statis-

tical energy variations, that we will call COMBINE for COmpensatory

Mutations via Boltzmann machine INference of Epistasis.

The general idea is to identify positive epistatic interactions, i.e. mutations

that are predicted to be significantly more favorable, or less deleterious,

in the context of a given mutant than in the wild-type background.

An illustration of the method is provided in Figure 6.8, using a minimal

example for clarity. As a starting point, we consider a four-residue

sequence denoted WT: GNDA. The aim is to identify compensatory

mutations for the substitution 𝜎3 : D→ S, also referred to as D3S (see

Figure 6.8A).
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A

C

B
r1, a1 = arg min

l∈ℒ∖{1},β
ΔΔED3S, 1

WT (σl : γ → β)

r2, a2 = arg min
l∈ℒ∖{1,3},β

ΔΔED3S, 2
WT (σl : γ → β)

..
.

rd, ad = arg min
l,β

ΔΔED3S, d
WT (σl : γ → β)

(r1, a1) = (1,V)
G

σ1 σ2 σ3 σ4
DN AWT :

G

σ1 σ2 σ3 σ4
SN AD3S :

ΔΔED3S, 1
WT (σ1 : G → V) = [ES3, 1 (σ1 = V) − ES3, 0 (σ1 = G)] − [EWT (σ1 = V) − EWT (σ1 = G)]

ΔES3, 1 (σ1 : G → V) ΔEWT (σ1 : G → V)

V

σ1 σ2 σ3 σ4
SN A G

σ1 σ2 σ3 σ4
SN A V

σ1 σ2 σ3 σ4
DN A G

σ1 σ2 σ3 σ4
DN A

ΔΔED3S, 2
WT (σ2 : N → L) = [ES3, 2 (σ2 = L) − ES3, 1 (σ2 = N)] − [EWT (σ2 = L) − EWT (σ2 = N)]

V

σ1 σ2 σ3 σ4
SL A V

σ1 σ2 σ3 σ4
SN A G

σ1 σ2 σ3 σ4
DL A G

σ1 σ2 σ3 σ4
DN A

ΔES3, 2 (σ2 : N → L) ΔEWT (σ2 : N → L)
Figure 6.8: Example of a ΔΔ𝐸 calculation
A. The starting wild-type sequence, WT, consists of four amino acids: GNDA. We want to find compensatory mutations for the D3S

mutant: GNSA.

B. Successive compensatory mutations are selected by minimizing the quantity ΔΔ𝐸
D3S, 𝑑
WT

(
𝜎𝑙 : 𝛾→ 𝛽

)
over all positions 𝑙 ∈ L and all

possible substitutions 𝛽 ∈ B. Here, the first compensatory mutation is assumed to be G1V.

C. The computation of ΔΔ𝐸
D3S, 1

WT
(𝜎1 : G→ V) is shown in the first row. It is written as the difference between two statistical energy

variations: the effect of the mutation 𝜎1 : G→ V in the S3 background (meaning on the mutant WT D3S), minus its effect in the WT

background. Above each energy term, the corresponding sequence is shown, with residues that differ from WT highlighted in color.

We denote LB {1, ..., 𝐿} as the set of positions in the protein sequence,

and BB {−,A, ...,Y} as the set of possible amino acids, including the

gap character.

As shown in Figure 6.8B, our goal is to identify successive mutations that

minimize the following quantity as we move away from the wild-type

sequence:

ΔΔ𝐸D3S, 𝑑
WT

(
𝜎𝑙 : 𝛾→ 𝛽

)
= Δ𝐸S3, 𝑑

(
𝜎𝑙 : 𝛾→ 𝛽

)
− Δ𝐸WT

(
𝜎𝑙 : 𝛾→ 𝛽

)
=

[
𝐸S3, 𝑑

(
𝜎𝑙 = 𝛽

)
− 𝐸S3, 𝑑−1 (𝜎𝑙 = 𝛾)

]
−

[
𝐸WT

(
𝜎𝑙 = 𝛽

)
− 𝐸WT (𝜎𝑙 = 𝛾)

]
. (6.3)

Here, D3S is the initial mutation we aim to compensate, and WT is

the reference wild-type sequence. The integer 𝑑 denotes the number of

mutations relative to WT, sequence positions are indexed by 𝑙 ∈ L =

{1, 2, 3, 4}, and 𝛽, 𝛾 ∈ B represent amino acids.

The quantity ΔΔ𝐸D3S, 𝑑
WTex

(
𝜎𝑙 : 𝛾→ 𝛽

)
quantifies how much the mutation

𝜎𝑙 : 𝛾→ 𝛽 is more beneficial—or less deleterious—when introduced on

the D3S mutant with 𝑑 compensatory mutations accumulated, compared

to its effect in the wild-type background.

For 𝑑 = 1, we computeΔΔ𝐸D3S, 1

WT

(
𝜎𝑙 : 𝛾→ 𝛽

)
for all positions 𝑙 ∈ L\{3}

and all possible substitutions 𝛽 ∈ B.



6.5 Predict compensatory mutations 83

An example of this computation for 𝑙 = 1 and 𝛽 = V is shown in Figure

6.8C. The first term,Δ𝐸S3, 1 (𝜎1 : 𝐺→ 𝑉), measures the effect of mutating

G to V in the background of the single mutant WT D3S. The second

term, Δ𝐸WT (𝜎1 : 𝐺→ 𝑉), measures the effect of the same mutation in

the wild-type sequence WT.

By minimizing ΔΔ𝐸D3S, 1

WT
, we are thus searching for a mutation that

is significantly more favorable—or less deleterious—in the context of

the D3S mutant than in the wild type, indicating a positive epistatic

interaction.

In terms of couplings, this quantity can be rewritten as:

ΔΔ𝐸D3S, 𝑑
WT

(
𝜎𝑙 : 𝛾→ 𝛽

)
= −𝐽3𝑙(S, 𝛽)+𝐽3𝑙(S, 𝛾)+𝐽3𝑙(D, 𝛽)−𝐽3𝑙(D, 𝛾). (6.4)

This expression shows that a highly negative ΔΔ𝐸D3S, 1

WT
typically corre-

sponds to a residue 𝜎𝑙 = 𝛾 that is negatively coupled to 𝜎3 = S, and for

which the substitution 𝜎𝑙 : 𝛾 → 𝛽 introduces an amino acid 𝛽 that is

positively coupled to S.

Assuming the mutation minimizing ΔΔ𝐸D3S, 𝑑
WT

(
𝜎𝑙 : 𝛾→ 𝛽

)
is 𝜎1 : G→

V, we then search for a second compensatory mutation by minimiz-

ing ΔΔ𝐸D3S, 2

WT

(
𝜎𝑙 : 𝛾→ 𝛽

)
across all positions 𝑙 ∈ L \ {1, 3} and all

substitutions 𝛽 ∈ B.

An example of this second-step calculation for 𝑙 = 2 and 𝛽 = L is also

shown in Figure 6.8C. Here, we seek a mutation that is again more

favorable—or less deleterious—in the background of the double mutant

D3S G1V than in the wild-type sequence.

When written in terms of couplings, ΔΔ𝐸D3S, 2

WT
now involves not only

interactions with site 𝑙 = 3, but also with site 𝑙 = 1, which was previously

mutated to compensate for D3S.

By applying this procedure iteratively, we aim to identify successive

mutations that compensate for the deleterious effects of those previously

introduced.

6.5.1 First Application of COMBINE to rat trypsin D189S

We apply COMBINE to the rat trypsin sequence in the case where we

aim to compensate for the mutation D189S. The quantity minimized

iteratively is denoted as ΔΔ𝐸D189S, 𝑑
RatTryp

.

Mapping the first 20 compensatory mutations onto the rat trypsin

structure reveals that all residues are located either directly on or near

the Hedstrom loops (see Figure 6.9A). A more detailed analysis of this

example is provided in Section 6.7, but before that, we provide a few

clarifications on the methodology.

The method COMBINE identifies mutations that are predicted to exhibit

positive epistatic interactions. However, these mutations may still be

predicted as deleterious. In the case of rat trypsin D189S, most of the 20

compensatory mutations are in fact predicted to be deleterious in the

context in which they are proposed (see quantity Δ𝐸D189S, 𝑑
in Figure

6.9B). Here, we explain why we choose not to exclude such mutations.

In theory, if the inferred model could accurately predict mutational effects

in any context, one could simply rely on the quantity Δ𝐸, and the most
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A B C

Figure 6.9: Compensating mutation D189S on rat trypsin.
A. Ribbon representation of the rat trypsin structure (PDB: 3TGI), showing the first 20 compensatory mutations obtained with COMBINE

starting from the D189S mutant. The blue gradient indicates the mutation order from dark to light.

B. Minimum value of ΔΔ𝐸
D189S, 𝑑
RatTryp

(blue) as a function of distance from the WT. The corresponding mutations are shown on the x-axis,

and their statistical energy variation Δ𝐸S189, 𝑑
is plotted in black.

C. Mutations of the panel A shown in the 2D space defined by model-predicted Δ𝐸 and experimental log enrichment from [152].

beneficial mutation in the rat trypsin D189S background would naturally

be one that compensates D189S.

However, as discussed in Section 6.4, this does not seem to hold true. Even

in the WT background, the model often predicts many neutral mutations

as deleterious, largely because unobserved combinations in the data are

penalized. Although mutational scan data for the D189S mutant are not

available, it is likely that a similar pattern would be observed in this

background, as well as in multiple mutants further away from the WT.

Figure 6.9C shows the effect of each of the 20 successive compensatory

mutations on trypsin activity, measured in the rat trypsin background

(for which mutational scan data are available [152, 154]). Many of these

mutations are predicted as deleterious by the model (Δ𝐸 < 0), and some

are also experimentally confirmed to reduce trypsin activity.

This does not tell us how these mutations affect chymotrypsin activity

in the successive mutants as we move away from the WT sequence.

However, it does illustrate a key difference from the Δ𝐸-based analysis

in Section 6.4, which only selected mutations predicted to have neutral

or beneficial effects on trypsin activity in the WT context.

Take, for instance, the mutation G226S which is the first proposed

compensatory mutation for D189S. It is predicted as deleterious both

by the model and by experimental mutational scan for trypsin activity

in rat trypsin. According to Figure 6.9B, G226S is also predicted to be

deleterious in the background of the single mutant rat trypsin D189S.

When computing ΔΔ𝐸D189S, 1

RatTryp
, however, we choose to ignore this and

do not consider any context beyond position 189. While this may seem

drastic, it is supported by studies suggesting that although epistasis is per-

vasive [125, 133], the network of epistatic interactions is also remarkably

sparse [132].

We therefore restrict ourselves to identifying residues that show statis-

tically unfavorable interactions with previously mutated sites and for

which a substitution would be statistically favorable, without considering

the broader impact on the rest of the sequence.

In the following sections, we will apply COMBINE in two different

scenarios:

▶ Trypsin-to-chymotrypsin conversion initiated by a mutation at

position 189



6.6 Experimental testing of protease activity 85

11: For technical details on the experi-

mental assays, the interested reader is

referred to Amaury Paveyranne’s the-

sis [152]. Additional information is also

provided in Appendix D.

▶ Chymotrypsin-to-trypsin conversion initiated by a mutation at

position 189

In each case, we compare our results to the literature and present

preliminary experimental data. In the following section, we provide

additional context to help interpret the experimental results.

6.6 Experimental testing of protease activity
Protease 
 activity

Fluorescence

Figure 6.10: Schematic representation
of S1A sequence testing.
The substrate, depicted in grey (each

amino acid represented by a grey cir-

cle), is engineered to become fluorescent

upon cleavage by the enzyme, shown

as a black triangle. The amino acid im-

mediately upstream of the cleavage site,

referred to as P1, is highlighted in red.

As discussed in Section 5.1.3, it is a common practice to measure the ratio

𝑘cat

𝐾𝑚
to compare the catalytic activity of a single enzyme across different

substrates (i.e., specificity), or to compare different enzymes on their

respective substrates.

For the S1A family, the catalytic activity corresponds to the enzyme’s

ability to cleave a peptide bond within a given substrate. To assess this, a

substrate can be engineered with a fluorophore that becomes fluorescent

upon cleavage [155].

By mixing a solution containing the enzymes with one containing the

substrates and monitoring fluorescence over time, the enzymatic activity

can be estimated (see Figure 6.10 for a schematic illustration of the

experimental principle). Fluorescence is typically reported in Relative

Fluorescence Units (RFU), an arbitrary unit proportional to the intensity

of the emitted signal.

The fluorescence curves shown below illustrate these time-course mea-

surements. These preliminary results stem from experiments carried

out by Amaury Paveyranne, Timothé Lucas, and Shoichi Yip at the

Laboratoire Jean Perrin.
11

.

Before proceeding, it is worth highlighting that:

▶ According to the Michaelis–Menten model, the initial slope of the

fluorescence curve, which corresponds to the initial rate of product

formation, is given by: 𝑘cat

[E]𝑡𝑜𝑡 [S]0
𝐾𝑚+[S]0 . Here, [E]tot denotes the total

enzyme concentration (including enzyme–substrate complexes),

and [S]0 is the initial substrate concentration. While this value

depends on both the turnover number 𝑘cat and the Michaelis

constant 𝐾𝑚 , it does not, on its own, allow for the determination

of the catalytic efficiency ratio
𝑘cat

𝐾𝑚
across the tested mutants. In-

deed, this would require measurements at varying initial substrate

concentrations with a controlled enzyme concentration (achievable

through purification).

▶ The fluorescence curve obtained for a given sequence depends

on both the enzyme and substrate concentrations in the solution.

While substrate concentrations are assumed to be roughly the same

across experiments, this is not the case for enzyme concentrations.

As a result, fluorescence curves can only be reliably compared

across variants if their expression levels are similar. In what follows,

we report expression levels for each tested sequence in Relative

Fluorescence Units (RFU).

▶ Replicates are available for some measurements, and confidence

intervals have been added to certain curves.
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6.7 Trypsin to chymotrypsin conversion

As previously explained, the first successful conversion was achieved

by Hedstrom et al. in the early 1990s. Starting from rat trypsin and

mutating the 16 residues highlighted in Figure 6.2, they obtained an

enzyme displaying between 2% and 15% of bovine chymotrypsin’s
𝑘cat

𝐾𝑚
on chymotrypsin substrates.

In this work, we chose to use the same rat trypsin sequence as a starting

point, introduced the D189S or D189G mutation (as informed by the anal-

yses in Section 6.2) and applied the COMBINE methodology described

in Section 6.5.

Figure 6.11A compares the positions of the top 20 compensatory mutations

starting from D189S with the residues involved in Hedstrom’s swap.

While not all proposed mutations are part of Hedstrom’s swap, nearly all

are located near the corresponding loops. Unsurprisingly, their positions

on the structure illustrated in Figure 6.11B are consistent with those in

Figure 6.2.

Starting from D189S, the mutants proposed by the COMBINE method

are labeled as rat trypsin D189S X, where X indicates the number of

mutations relative to the rat trypsin wild type. We tested: rat trypsin

D189S 3 (also noted as “D189S G226S Y228F"), rat trypsin D189S 5, rat

trypsin D189S 7, rat trypsin D189S 9, and rat trypsin D189S 14.

From D189G, we tested rat trypsin D189G 3 (also noted as “D189G G226D

Y228F") and rat trypsin D189G 8.

Additionally, we tested a triple mutant starting from the first compen-

satory mutation proposed for rat trypsin D189S, which results in the

mutant G226S D189G Y228F. The complete list of all tested mutants and

with the details of the mutations is provided in Appendix D.

Fluorescence curves measured on a “chymotrypsin” substrate are shown

in Figure 6.11D & E. Besides the mutants, we include bovine chymotrypsin

as a positive control, rat trypsin as a negative control, and Hedstrom’s

swap (these three curves appear on both figures).

Fluorescence for bovine chymotrypsin rapidly reaches about 10
3

RFU,

whereas rat trypsin barely exceeds 10 RFU, consistent with the known

specificities of these natural sequences.

The result for Hedstrom’s swap (with three replicates) may seem surpris-

ing, as its activity appears to surpass bovine chymotrypsin. However,

as already mentionned these curves are not directly comparable since

bovine chymotrypsin expression levels are on average four to five times

lower than those of Hedstrom’s swap in these experiments.

Among the mutants proposed by COMBINE starting from rat trypsin

D189S, only the triple mutant D189S G226S Y228F displays a detectable,

albeit modest, activity on the chymotrypsin substrate. The other variants

show no significant activity compared to the wild-type rat trypsin, but

their low expression levels may limit interpretation. While it is clear

that the Hedstrom swap exhibits chymotrypsin-like activity, further

experiments are required to draw definitive conclusions about the other

mutants.

As shown in Figure 6.11E, starting from the D189G background, the

fluorescence curve for the triple mutant D189G G226D Y228F exhibits

a marked increase, exceeding 10
2

RFU, with expression levels about

twofold lower than those of the Hedstrom swap. The triple mutant G226S
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Figure 6.11: Rat trypsin to chymotrypsin conversion. (Panels D & E use data provided by Amaury P.)

A. The two vertical bars represent an S1A sequence, with residues mutated in Hedstrom’s swap highlighted in orange on the left, and

compensatory mutations proposed by the COMBINE method (starting from rat trypsin D189S) on the right. The gradient indicates the

order in which mutations are proposed, from dark to light blue. Residue numbering follows the PDB 3TGI sequence.

B. Ribbon representation of rat trypsin (PDB: 3TGI), highlighting the first 20 compensatory mutations from the D189S mutant, using the

same color gradient as in panel A. Residue D189 is shown in red.

C. Zoomed-in view of the binding pocket. Residue D189 is highlighted in red, with sticks representing the first two residues proposed

for compensatory mutations: G226 and Y228.

D. Fluorescence curves over time for natural sequences and mutants tested on a chymotrypsin substrate. Bovine chymotrypsin (red)

serves as positive control, while rat trypsin (green) is the negative control. The orange curve corresponds to Hedstrom’s swap, and the

blue curves represent successive mutants proposed by COMBINE. The color gradient reflects proximity to the rat trypsin WT sequence:

from dark blue for the triple mutant rat trypsin D189S G226S Y228F, to light blue for rat trypsin D189S 14, which carries 14 mutations

relative to WT. Average expression levels (measure of fluorescence (RFU)) of the tested sequences are indicated on the graph in the same

order and with the same colors as in the legend.

E. Same as panel D, but the blue curves correspond to two triple mutants starting from rat trypsin D189G and rat trypsin G226S, as well

as rat trypsin D189G 8, which accumulates eight mutations relative to WT to compensate for D189G.

D189G Y228F, despite being weakly expressed (185 RFU), also appears to

display significant activity on the chymotrypsin substrate. In contrast, rat

trypsin D189G 8 shows no measurable activity under these conditions.

All these mutants were also tested on a “trypsin” substrate, and fluores-

cence data indicate a loss of trypsin activity for all. Interested readers

can find details in Appendix D.

While these experimental results are preliminary and require further

investigation—especially to address disparities in expression levels—they

nonetheless suggest that the proposed triple mutants exhibit chymotrypsin-

like activity. To our knowledge, this is the first evidence that a chy-

motrypsin activity can be achieved with so few mutations to rat trypsin.

The following section presents a more detailed analysis of these mu-

tants.
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12: Unfortunately, most of these se-

quences lack specificity annotations. For

instance, the alignment contains 1287

sequences with the combination S189

S226 F228, but only 18 of them are an-

notated—11 of which are labeled as chy-

motrypsins.

6.7.1 Focus on the triple mutants

The same three residues—189, 226, and 228—are involved in all three

triple mutants that exhibit measurable activity in fluorescence-based

assays. These residues are part of the binding pocket and, as shown in

Figure 6.11C, are therefore located in close proximity to the substrate.

The fact that just three mutations within the binding pocket are sufficient

to confer chymotrypsin-like activity is a noteworthy result. Indeed, apart

from the Hedstrom swap, which involves 16 mutations, no mutant closer

to rat trypsin has been reported to display chymotrypsin activity.

Additionally, a Statistical Coupling Analysis (SCA) performed on the

MSA used in this study also identifies these three positions as the top

contributors to the component associated with the specificity sector (see

Figure 6.3). This suggests that the strongest couplings involving residue

189 capture similar information to that revealed by the sector analysis.

Figure 6.12: Sequence identity to rat
trypsin for sequences carrying combi-
nations proposed with COMBINE.
The multiple sequence alignment (MSA)

used in this study was filtered to retain

only sequences carrying the amino acid

substitutions proposed by the COMBINE

method. The box plots show the percent-

age identity of these sequences to rat

trypsin, for each of the three combina-

tions: S189 S226 F228 (top), G189 S226

F228 (middle), and G189 D226 F228 (bot-

tom).

The D189S mutation is part of the Hedstrom swap, whereas positions 226

and 228 are not. Indeed, Hedstrom et al. performed their swap between

rat trypsin and bovine chymotrypsin, which share the same amino acids

at positions 226 and 228.

In contrast, the COMBINE method is not restricted to substitutions ob-

served between rat trypsin and bovine chymotrypsin. The only constraints

are the initial sequence and the first mutation to be compensated.

As a result, there is no guarantee that compensating the D189S mutation

will necessarily shift specificity toward chymotrypsin-like activity. For

example, the alignment contains fewer than 40 sequences annotated as

elastases, yet 60% of them carry a serine at position 189. By imposing

the D189S mutation as a starting point, there is a possibility of shifting

toward elastase-like specificity. We therefore tested the mutants on an

elastase substrate, but fluorescence measurements showed no significant

activity.

In Figure 6.12, we examine the sequence identity between rat trypsin

and sequences from the alignment that carry combinations suggested

by COMBINE. The vast majority of these sequences share less than

40% identity with rat trypsin. The wild type background in which we

introduced these mutations is thus quite different from the natural

context in which these combinations are typically found
12

.

6.8 Chymotrypsin to trypsin conversion

To our knowledge, no successful conversion of a chymotrypsin into a

trypsin has been reported to date. However, several attempts have been

made. In 1996, Venekei et al. tested the reverse of Hedstrom’s swap using

bovine chymotrypsin, but without success [145] (see Table 6.1). Later,

in 2004, Jelinek et al. showed that the double mutant rat chymotrypsin

S189D A226G exhibited a weak trypsin-like activity, estimated at just

0.01% of that of wild-type trypsin.

We applied the COMBINE method to both bovine and rat chymotrypsin,

using S189D as the imposed mutation. Here, we present the results

obtained for the rat chymotrypsin background.

Figure 6.13 summarizes the outcomes. Panel A shows a comparison

between the mutations proposed by COMBINE and those introduced



6.8 Chymotrypsin to trypsin conversion 89

A

B C

Venekei swap

compensatory mut.

Trypsin activity

Expression levels (RFU):

270
426
135

188
81

127
152

Figure 6.13: Rat chymotrypsin to Trypsin Conversion (Panel C uses data provided by Amaury P.)

A. The two horizontal bars represent an S1A sequence. Compensatory mutations proposed by the method (starting from rat chymotrypsin

S189D) are shown above, while the Venekei swap mutations are highlighted in orange below. A blue color gradient indicates the order in

which the compensatory mutations were proposed, from dark to light blue. Residue numbering is based on the PDB 3TGI sequence.

B. Ribbon representation of rat chymotrypsin (PDB: 1KDQ), highlighting the first 20 compensatory mutations proposed from the S189D

mutant. The same color gradient as in panel A is used, and residue 189 is shown in red.

C. Fluorescence time-course curves for natural and mutant sequences tested on a trypsin substrate. Rat trypsin (green) serves as a

positive control, while bovine chymotrypsin (red) serves as a negative control. The orange curve corresponds to the Venekei swap

applied to bovine chymotrypsin. The dark blue curve shows the single mutant rat chymotrypsin S189D, and lighter blue curves represent

mutants proposed by the COMBINE method. A color gradient reflects their sequence similarity to wild-type rat chymotrypsin. Average

expression levels are indicated next to each curve.

13: For the double mutant reported by

Jelinek et al., it is possible that the ac-

tivity—measured at only 0.01% of that

of wild-type trypsin—is too low to be

detected with our experimental setup.

in the Venekei swap. As seen in the reverse conversion (trypsin to chy-

motrypsin), the proposed mutations largely overlap with the Hedstrom

loops. Panel B shows their spatial distribution in the structure of rat

chymotrypsin.

Strikingly, the first mutation proposed to compensate for S189D is A226G,

which is the exact substitution introduced by Jelinek et al. We therefore

experimentally tested this double mutant, as well as a triple mutant

S189D A226G G223G, and rat chymotrypsin S189D 8 (which accumulates

seven compensatory mutations on top of S189D).

Panel C of Figure 6.13 shows fluorescence measurements on a trypsin-

specific substrate. Rat trypsin rapidly reaches fluorescence levels of

approximately 10
3

RFU, while bovine chymotrypsin remains below 10

RFU—consistent with the expected specificities of these enzymes.

All other tested mutants—whether reported in the literature or proposed

via COMBINE—exhibit fluorescence signals lower than that of bovine

chymotrypsin on the trypsin substrate
13

. Nonetheless, as in previous

experiments, expression levels for these constructs are relatively low.

Taken together with previous studies, these findings suggest that ac-

quiring trypsin-like activity through a small number of mutations on

a chymotrypsin sequence may be more challenging than the reverse

conversion. However, the underlying reasons for this asymmetry remain

unclear.
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14: Except in cases of excessively strong

or weak regularization, which inevitably

deteriorate the predictions.

6.9 Back to Regularization

In Chapter 3 and Chapter 4, we extensively discussed the importance of

regularization in BM models.

We particularly emphasized that regularization should be adapted to

the task at hand. For instance, in the context of contact prediction from

couplings, a regularization scheme that introduces a bias in favor of

pairwise interactions is beneficial. However, such regularization may not

be suitable for generative modeling.

In the present section, we thus discuss the impact of regularization on the

prediction of compensatory mutations using the COMBINE method.

In the scenario studied here—where the mutation to be compensated

lies within a sector that is robustly identified in the literature [19, 29,

36]—it seems reasonable to expect that the model should capture the

coevolutionary signal associated with this sector.

This expectation is indeed met in the results presented in Section 6.7 and

Section 6.8, where the majority of proposed compensatory mutations fall

within the red sector.

But how does the applied regularization affect these results?

Interestingly, we observe that the outcomes are quite robust regardless

of the model used (BM or SBM) and across a range of regularization

strengths
14

(see Figure D.4 for the detailed results). This may seem

surprising in light of the arguments made throughout the second part of

this thesis.

However, this robustness can be understood as follows: the COMBINE

method relies on a computation that involves only a small subset of

coupling terms in the prediction.

For example, consider the first compensatory mutation in the rat trypsin

D189S mutant. The quantity we aim to minimize is:

ΔΔ𝐸D189S, 1

RatTryp

(
𝜎𝑙 : 𝛾→ 𝛽

)
= −𝐽189𝑙(S, 𝛽)+𝐽189𝑙(S, 𝛾)+𝐽189𝑙(D, 𝛽)−𝐽189𝑙(D, 𝛾).

(6.5)

This expression involves only couplings related to residue 189. Thus,

minimizing this quantity effectively amounts to comparing the couplings

between residue 189 and other residues in the sequence.

In this context, what matters is the relative ranking of the couplings

involving the residue 189. This stands in contrast to contact prediction,

where all couplings are ranked globally, and the hope is that the strongest

ones correspond to residue pairs in physical contact.

6.10 Summary and conclusions

Proteins in the S1A family are enzymes that catalyze the hydrolysis of

peptide bonds with diverse specificities. Many studies have explored the

mechanisms underlying this functional diversity, often aiming to convert

the specificity of these enzymes using a limited number of mutations.

We began by discussing the challenges of this task through examples

from the literature, focusing in particular on the work of Hedstrom et
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15: Directed evolution is a method that

mimics natural selection in the labora-

tory to evolve proteins with desired prop-

erties through iterative rounds of muta-

tion and selection.

al., who in 1994 demonstrated that a chymotrypsin-like activity could

be achieved by introducing 16 mutations into the rat trypsin sequence.

Their findings highlighted that, although residue 189 plays a critical role

in specificity, it is not sufficient on its own to induce a switch.

Building on this insight, we proposed to take a mutation at this key

residue as a starting point and to use a BM model trained on the S1A

family to predict compensatory mutations that could shift the enzyme’s

specificity.

After showing that Δ𝐸 is not a suitable metric for this type of predic-

tion, we introduced the COMBINE method, which identifies mutations

predicted to have a positive epistatic coupling with the mutation to be

compensated.

We applied this approach in two different scenarios and provided pre-

liminary experimental results.

In the case of the trypsin-to-chymotrypsin conversion, we identified

three triple mutants that exhibit detectable chymotrypsin-like activity.

Although their activity remains lower than that measured for the 16-

residue Hedstrom swap in fluorescence-based assays, differences in

expression levels make direct comparisons difficult.

The key result of this study is that only three mutations, located within

the binding pocket, are sufficient to obtain a significant chymotrypsin

activity starting from rat trypsin. Interestingly, two of the three mutated

positions are absent from the Hedstrom swap but belong to the specificity

sector identified through SCA. These findings may encourage the appli-

cation of directed evolution
15

methods to investigate potential conversion

pathways starting, for example, from rat trypsin D189S.

In the reverse direction—from chymotrypsin to trypsin—none of the

COMBINE-predicted mutants displayed significant trypsin activity. This

mirrors previous findings in the literature and reinforces the observa-

tion that acquiring trypsin-like activity through a few mutations on a

chymotrypsin scaffold is more challenging.

6.10.1 Future Directions

First, the results on the conversion of rat trypsin to chymotrypsin are

promising and suggest several directions for further investigation. A

natural next step would be to take a closer look at the triple mutants

that showed detectable chymotrypsin-like activity. In particular, it would

be useful to test all single mutants and all pairwise combinations of the

mutations found in the triple mutants, to see whether some of these

variants already show chymotrypsin-like activity. Beyond the kinetic

curves presented in this chapter, measuring the 𝑘cat/𝐾m ratio would be

valuable for comparing our results with those reported in the literature.

It would also be interesting to explore conversions starting from other

wild-type sequences—whether trypsin from different organisms or pro-

teases with other specificities.

For example, we examined the trypsin-to-thrombin conversion, though

the results are not included in this manuscript. In this case, our analysis

was limited to a comparison with previously published results. Nonethe-

less, we observed that the mutations proposed were consistent with those

introduced by Page et al. in 2006 [150].
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16: Though one could consider starting

from multiple mutations instead.

As for the COMBINE method itself, it would be useful to study in more

detail the conditions under which it can make reliable predictions.

First, the model clearly requires that the mutation to be compensated is

represented in the sequence data. For example, it would be unrealistic to

predict a compensation for the D189S mutation if no sequence in the MSA

naturally carries a serine at position 189. More generally, predictions are

more likely to be meaningful when the sequence being studied is well

represented in the alignment—in other words, when it’s not too far from

the typical background of the MSA.

In the context of specificity conversion, we also need at least one ini-

tial mutation
16

to define a starting point for the trajectory. If reliable

specificity annotations were available—which is not yet the case for

the S1A family—we could imagine extending the input MSA with a

pseudo-residue encoding specificity and training the model accordingly.

The first mutation to be compensated would then correspond to a change

in this label residue.

Currently, the method selects mutations with the strongest predicted

epistatic interactions. But other strategies could be explored. For example,

we considered using Monte Carlo sampling to propose mutational

trajectories starting from a variant like rat trypsin D189S. By adding a

penalty term in the Hamiltonian for distance to the starting sequence,

one could explore different candidate conversion paths within a defined

mutational radius.

Lastly, it would be interesting to apply COMBINE to other protein systems.

This is precisely what we will do in the next chapter, focusing on the

dihydrofolate reductase family.
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The present chapter focuses on a study that also involve Paul Guenon,

Damien Laage and Guillaume Stirnemann at ENS, Karolina Filipowska

and Kim Reynolds from the University of Texas, and Clément Nizak

from the Jean Perrin laboratory.

Paul Guenon, a PhD student co-supervised by Damien Laage and Olivier

Rivoire, focuses his research on allosteric communication in proteins,

using molecular dynamics simulations as a primary tool. As part of

this project, he studied dihydrofolate reductase (DHFR), an enzyme in

which a mutation distant from the active site is known to severely reduce

catalytic activity.

My contribution to this project was to treat this long-range mutation as

one requiring compensation and to predict additional mutations that

could restore the enzyme activity.

Meanwhile, Karolina Filipowska and Kim Reynolds carried out exper-

imental assays to measure the catalytic activity of both the wild-type

DHFR and the mutant, providing data to validate our predictions.

7.1 Allostery

Substrate

Protein

Active Site

Allosteric inhibitor

Figure 7.1: Allosteric regulation.

Schematic example of an allosteric regu-

lation where the binding of an inhibitor

modifies the active site of the protein so

that subtrate binding is prevented.

Allostery is an essential property of proteins, characterized by the ther-

modynamic coupling of distant sites without direct physical interaction.

The spatial separation between these sites implies the existence of a

communication mechanism that transmits information across the protein

structure [39, 156].

As illustrated in Figure 7.1, the binding of a ligand at one site can for

example induce conformational changes that modulate the activity of

a distant site, a principle known as allosteric regulation. This mecha-

nism is not limited to enzymes [157] but extends to a wide range of

proteins, including for example structural proteins [158], and molecular

motors [159].

Several theoretical models have been developed to describe allostery,

including the classic Monod-Wyman-Changeux (MWC) model [160], in

which ligand binding induces a shift in the equilibrium between two

preexisting conformational states with distinct activities. In contrast, the

Koshland-Nemethy-Filmer model [161] proposes that ligand binding

triggers a structural change toward a new conformation not previously

populated.

Evidence suggest that allostery is a pervasive property of proteins,

meaning that nearly all proteins possess inherent allosteric features

latently encoded within the sequence [162]. In what follows, we will focus

on dihydrofolate reductase (DHFR), an enzyme that has been extensively

studied for its allosteric properties. For instance, SCA combined to

experimental measurements revealed the presence of a sector connecting

the active site to specific surface residues acting as hot spots for the

emergence of allosteric control [36].
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7.2 Dihydrofolate reductase

Dihydrofolate reductase (DHFR) is an enzyme that, as its name suggests,

catalyzes a reduction reaction. Specifically, it transfers hydrogen atoms

and electrons to a molecule known as dihydrofolate (H2F), thereby

converting it into tetrahydrofolate (H4F)
1

1: This molecule belongs to the folate

family, whose members are derived from

vitamin B9.

.

G121

FG loop

Met20 loop

Figure 7.2: Ribbon representation of the
E. coli DHFR structure (PDB: 1RX2).
The enzyme is shown in grey cartoon rep-

resentation. Two bound molecules are de-

picted: the substrate dihydrofolate (H2F)

in light green, and the cofactor NADPH

in dark green. The FG loop is colored

magenta, with residue G121 shown as

spheres, while the Met20 loop is high-

lighted in light blue. The location of the

active site is indicated by an orange circle.

The structure of E. coli DHFR, illustrated in Figure 7.2, includes the

subtrate H2F, as well as NADPH, which acts as a cofactor participating

in the chemical reaction. In the following we will also mention another

molecule, H3F, which is a protonated intermediate of the substrate.

Indeed, the second step of the reaction involves the transfer of a hydride

ion (H
−
) between H3F and NADPH. The rate constant of this hydride

transfer, 𝑘hyd, determines the efficiency of this reaction step.

Tetrahydrofolate, the reaction product, is essential for nucleic acid syn-

thesis and, by extension, for cell growth. Given its key role in cellular

metabolism, DHFR has emerged as a major target for drugs designed to

prevent cell proliferation. For instance, DHFR inhibitors are widely used

in the treatment of infections and cancer [163].

Because of its metabolic role and therapeutic relevance, DHFR has been

the focus of extensive research. Among the studies conducted, attention

has been paid to the enzyme’s allosteric properties, offering deeper

insights into its regulation and function.

7.2.1 Allostery in DHFR

In the late 1990s, some studies began to focus on a particular residue

located over 13 Å from the active site
2

2: For comparison, allosteric effects are

typically considered beyond a threshold

of ∼ 10 Å , which is about twice the

typical distance between two residues in

direct contact.

of E. coli DHFR. As illustrated in

Figure 7.2, this glycine residue—designated as G121—is positioned at site

121 on the enzyme’s FG loop. Experimental work showed that substituting

this glycine (G) with a valine (V) resulted in a dramatic∼99.4% decrease in

the hydride transfer rate between H3F and the cofactor NADPH [164]
3

3: Other substitutions, including G121A,

G121S, G121L, and G121P, were also

tested, and the effect on 𝑘
hyd

correlated

with the size of the amino acid side chain

replacing glycine.

.

These findings highlighted the crucial role of residue 121 in the catalytic

process. In particular, they suggested that G121, despite its distance from

the active site, is functionally coupled to it, thus revealing an underlying

allosteric mechanism within DHFR. Following this discovery, further

investigations confirmed the allosteric importance of G121 [165, 166],

although the precise molecular pathways mediating this long-range

communication remained unknown.

To better understand the structural basis of properties like allostery, meth-

ods analyzing amino acid coevolution—such as SCA—can be employed.

As discussed in Chapter 5, functionally relevant couplings between

residues, regardless of the specific physical mechanism, are indeed ex-

pected to drive coevolution. Applying SCA to DHFR, Reynolds et al. [36]

identified a sector forming a physically contiguous network that connects

the active site to several distant surface regions. Notably, residue 121—our

focus here—was predicted to be part of this sector.

Given that Molecular Dynamics (MD) simulations provide a powerful

framework for probing the dynamic behavior of molecular systems,

they have been extensively used to study motions linked to allosteric

transitions across various proteins [167, 168]. Building on this approach,

Paul Guenon thus conducted MD simulations to explore the effects of

the G121V mutation and to propose a molecular mechanism for allosteric

communication in DHFR.
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7.3 Molecular dynamics simulations

A

B

Figure 7.3: Conformational equilibrium
in DHFR. (Figures made by Paul G.)

A. Distribution of the relative orientation

between substrates in degrees for the last

150ns out of 400ns REMD simulation.

For the 3 sequences tested, two different

conformations of the substrates appear:

one in which the angle is lower than 50
◦
,

that we call «parallel conformation», and

one in which the angle is larger than 50
◦

, that we call «perpendicular conforma-

tion».

B. Crosses indicate, for each mutant, the

ratio relative to the WT of the probabil-

ity to be in the parallel conformation.

These values are compared to experi-

mental measurements of 𝑘
hyd

(triangles)

from [164], and to a 𝑘cat measurement

(circle) for the G121V mutant obtained by

Karolina F. and Kim R. in the context of

this study. The color coding for the two

mutants matches that used in Figure A.

In this section, we briefly summarize some of the key findings of the

study conducted by Paul Guenon.

Molecular dynamics (MD) simulations provide a framework for modeling

the motions of biological molecules over time, offering insights into how

proteins explore their conformational space.

However, this task is far from straightforward, as the timescales associated

with significant conformational changes can be long, and systems can

become trapped in metastable states. To facilitate the exploration of

the conformational space, Paul G. and his supervisors thus employed

methods such as Replica Exchange Molecular Dynamics (REMD) [169].

In this technique, multiple simulations (replicas) are run in parallel at

different temperatures, allowing for periodic exchanges between them

with a Metropolis criterion to overcome energy barriers.

7.3.1 Conformational space of E. coli DHFR and mutants

Starting from the structure shown in Figure 7.2, REMD simulations were

performed to explore the conformational landscape of the E. coli DHFR,

as well as several of its mutants.

In the case of DHFR, these simulations revealed two distinct confor-

mations that were already present for the wild-type sequence. A more

detailed analysis further showed that the relative orientation between

the cofactor and the substrate significantly differs between these two

conformations
4

4: More precisely, this concerns the ori-

entation between the nicotinamide ring

of the cofactor and the pteridine ring of

the folate.

. One conformation features a parallel alignment, while

the other exhibits a perpendicular arrangement between the cofactor and

the substrate.

The distribution of conformations based on this orientation criterion is

shown in Figure 7.3A for three different sequences: the wild-type (WT),

and two mutants, G121V and G121A, that have already been studied in

the literature [164]. In particular, G121A is known to exhibit an enzymatic

activity intermediate between that of the WT and G121V mutant.

Although the conformational landscapes differ significantly across these

three sequences, in each case the space remains clearly partitioned into

two dominant modes. For the WT, the parallel conformation is far more

populated than the perpendicular one, while the G121V mutant shows

an almost complete shift towards the perpendicular state. As for G121A,

the two conformations are populated at roughly equal levels.

An example of a parallel and perpendicular conformation is respectively

shown in Figure 7.7A & B. Beyond the distinct orientations of the

cofactor and substrate, we observe that the 2 loops also adopt different

conformations. Notably, the increased separation between the loops in

the perpendicular conformation arises from a steric hindrance, which

becomes more even pronounced when the residue at site 121 has a

longer side chain. The connection between structural perturbations in

the loops and changes in cofactor–substrate orientation is elucidated by

the allosteric mechanism proposed by Paul Guenon, which will not be

detailed here.

Importantly, the functional significance of these conformations was

supported by Empirical Valence Bond (EVB) simulations, which revealed
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5: A useful follow-up analysis would

be to compute compensatory mutations

using the alignment from Reynolds et
al., and conversely, to perform the sector

analysis using the alignment employed

in the present study, in order to compare

the results.

that the parallel conformation indeed corresponds to an active state,

while the perpendicular conformation can be considered as inactive.

Based on all these observations, Paul G. proposed using the probability of

adopting the parallel conformation as an indicator of enzymatic activity.

As shown in Figure 7.3B, this metric, computed as a ratio relative to the

WT, is consistent with experimental measurements of 𝑘cat and 𝑘hyd.
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Figure 7.4: Compensatory mutations in
the G121V mutant
A. The same mutations mapped onto a

linear schematic based on the PDB 1RX2

sequence. Mutated residues are com-

pared to those identified as part of the

sector described by Reynolds et al. [36].

For compensatory mutations, the same

blue gradient as in panel B is used; for

sector residues, the gradient indicates

the four levels of statistical confidence

reported in the study.

B. Ribbon representation of E. coli DHFR

(PDB: 1RX2) with the first 10 compen-

satory mutations shown as spheres col-

ored from dark to light blue, indicating

mutational order. G121 is highlighted in

magenta.

C. Ribbon representation of E. coli DHFR

(PDB: 1RX2) showing all sector residues

(49 positions, orange) as defined by

Reynolds et al. [36], covering approxi-

mately 33% of the sequence.

Building on this understanding obtained from MD simulations, com-

pensatory mutations for G121V should aim to shift the equilibrium back

toward the parallel (active) conformation, by reducing the steric hin-

drance between the Met20 and FG loops. This is precisely what we will

explore in the following section using the methodology described in

Chapter 6.

7.4 Compensating G121V using a statistical
model

The methodology follows the approach described in Section 6.5, using an

MSA made by Kalmer et al. [170]. This alignment includes 3664 sequences

(𝑀eff = 2664) with 146 positions.

Once the SBM model is trained on this alignment, we obtain the fields

and couplings needed to compute the statistical energy of any sequence.

Specifically, we aim to identify successive mutations that minimize the

following ΔΔ𝐸 as we move away from the wild-type (WT) sequence:

ΔΔ𝐸G121V, 𝑑
EcDHFR

(
𝜎𝑙 : 𝛾→ 𝛽

)
= Δ𝐸V121, 𝑑

(
𝜎𝑙 : 𝛾→ 𝛽

)
−Δ𝐸EcDHFR

(
𝜎𝑙 : 𝛾→ 𝛽

)
.

(7.1)

Here, G121V represents the mutation we aim to compensate, while

EcDHFR denotes the E. coli DHFR sequence. For 𝑑 = 1, we com-

pute Δ𝐸G121V, 1

(
𝜎𝑙 : 𝛾→ 𝛽

)
across all positions 𝑙 and possible sub-

stitutions 𝛽, and introduce the mutation yielding the most negative

ΔΔ𝐸G121V, 1
—which in this case is V13G. For 𝑑 = 2, we repeat the same

process, this time computingΔ𝐸G121V, 2

(
𝜎𝑙 : 𝛾→ 𝛽

)
based on the double

mutant G121V V13G. By iteratively applying this procedure, we generate

a series of mutations predicted to progressively compensate for preceding

ones.

Before discussing the mutations suggested by this method, it is worth

noting that only 28 sequences in the MSA contain a valine at position

121. These sequences share, on average, 35% sequence identity with E.
coli DHFR, with the closest one reaching 44% identity to the wild-type.

Predicting compensatory mutations for G121V from such highly divergent

sequences may appear to contradict the importance of sequence context.

However, as discussed in Chapter 6, the approach also relies on the

sparsity of the epistatic interaction network to make such predictions

possible [132].

The successive mutations predicted by the method are shown in Figure 7.4

and compared to the results of a sector analysis conducted by Reynolds et
al. in 2011 on an MSA containing 418 sequences [36]. This sector contains

49 residus which represents more than 30% of the E. coli DHFR sequence.

We observe that 6 out of the first 10 compensatory mutations belong to

this sector. While this is more than expected on average if ten residues

were chosen at random, it is not sufficient to reach statistical significance

(p-value ∼ 0.07)
5
.
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A

V13G

V13A

C

Site 13 for sequences with V121

Site 13 E

B D F
G121

H3F

NADPH

V13

FG loop

Met20 loop

Figure 7.5: V13G as a compensotary mutation for G121V.
A. Distribution of ΔΔ𝐸 (𝜎𝑙 : 𝑐 → 𝑑) values across all positions and substitutions for the G121V mutant. Mutations V13G and V13A have

respectively the most negative and second most negative ΔΔ𝐸.

B. Zoom on the FG loop in pink and the Met20 loop in cyan of the E. coli DHFR structure obtained by Paul G. during a REMD simulation.

Residu G121 and V13 are highlighted in yellow with their side chains. The nicotinamide ring of the cofactor and the pteridine ring of the

folate are also displayed.

C. Amino acid distribution at site 13 in the alignment used to train the statistical model [170]. Only the 8 most frequent amino acids are

shown.

D. Amino acid distribution at site 13 only for sequences containing a Valine (V) at site 121. Only 28 sequences feature a valine at site 121,

and 22 of these also have a glycine at site 13.

E. Distribution of Identities between all pairs of the 22 sequences containing a Valine (V) at site 121 and a glycine (G) at site 13. These

sequences originate from different organisms and share, on average, 34% sequence identity among themselves.

F. Distribution of Identities between the same 22 sequences and the wild-type sequence of E. coli DHFR. These sequences share, on

average, 35% sequence identity with E. coli DHFR, with the closest one reaching 44% identity to the wild-type.

Recall that the steric hindrance introduced by the side chain of valine at

site 121 plays a key role in confining the G121V mutant to the inactive

perpendicular conformation. A natural strategy to relieve this constraint

would be to mutate a residue on one of the two loops involved. Strikingly,

the first mutation suggested by the method, V13G, targets a residue

on the Met20 loop positioned directly opposite site 121. This particular

mutation will therefore be the focus of the next section.

7.4.1 Focus on V13G mutation

In Figure 7.5A, ΔΔ𝐸G121V

1
(𝜎13 : 𝑉 → 𝐺) emerges as a clear outlier com-

pared to the distribution of ΔΔ𝐸G121V

1

(
𝜎𝑙 : 𝛾→ 𝛽

)
values across all

positions and substitutions. Notably, the second most strongly predicted

compensatory mutation, V13A, also concerns residue 13. As shown in

Figure 7.5B, this amino acid is located on the Met20 loop, opposite residu

121, which is on the FG loop.

A closer inspection of residue 13 in the alignment, shown in Figure

7.5C, reveals that valine is the most common amino acid at this position

(40%), followed by glycine (26%) and alanine (16%). Based only on these

frequencies, the V13G mutation would thus be predicted as deleterious,

independent of any sequence context.

However, the statistical model also accounts for pairwise amino acid

correlations, which are incorporated into the prediction of compensatory

mutations through the statistical energy calculations. As illustrated in the



98 7 Compensatory mutation within allosteric network of E. coli DHFR

bar plot of Figure 7.5D, the model seems to have captured the following

correlation signal: sequences containing a valine (V) at position 121 almost

all have a glycine (G) at position 13.

Although the V121 G13 combination is observed in only 22 sequences

across the alignment, these sequences originate from diverse organisms

and share, on average, 34% sequence identity among themselves (Figure

7.5E). While weighted statistics are employed to mitigate sampling biases

within the MSA, it is interesting to emphasize that the model’s prediction

is here driven by a correlation signal supported by substantial sequence

diversity.

A

B

Figure 7.6: Validation of the compen-
satory mutation V13G. (Figures made

by Paul G.)

A. Distribution of the relative orientation

between substrates in degrees for the last

150ns out of 400ns REMD simulation. We

show the same distributions as in Figure

7.3, and we add the distribution for the

double mutant G121V V13G in orange.

The latter exhibit a partial shift of the

equilibrium towards the parallel confor-

mation.

B. Crosses indicate, for each mutant, the

ratio relative to the WT of the probabil-

ity to be in the parallel conformation.

These values are compared to experi-

mental measurements of 𝑘
hyd

(triangles)

from [164], and to 𝑘cat measurements

(circle) for the G121V and G121V V13G

mutants obtained by Karolina F. and Kim

R. in the context of this study. The color

coding for the two mutants matches that

used in Figure A.

This observation is even more important given that the alignment does not

contain any close homologs of the wild-type sequence featuring a valine

at site 121. The closest sequence exhibiting the V121 G13 combination

comes from an other bacterial species (Geomicrobium sp. JCM 19039)

and shares only 44% identity with E. coli DHFR. It is thus important to

note that these V121 G13 sequences exhibit similar levels of divergence

from each other as from E. coli DHFR.

7.5 In Silico & Experimental Validation

To evaluate the capacity of the V13G mutation to compensate for the

deleterious effect of G121V on the enzymatic activity, Paul G. explored the

conformational space of the G121V V13G double mutant. As illustrated

in Figure 7.6, MD simulations revealed a partial shift of the equilibrium

toward the parallel (active) conformation, corresponding to a tenfold

increase in the probability of occupying this state.

Figure 7.7 presents a structural comparison of the Met20 and FG loops

based on representative conformations from REMD simulations of the

wild-type, G121V, and G121V V13G sequences. For the double mutant,

the parallel conformation illustrated in Figure 7.7C closely mirrors the

wild-type structure shown in Figure 7.7A. The G121V mutant, in contrast,

is distinguished by the presence of two valine residues with extended

side chains at sites 121 and 13, creating a steric hindrance that separates

the two loops. Substitution of the valine at position 13 with a glycine,

which has a smaller side chain, can reduce the steric hindrance, thereby

facilitating the formation of parallel conformations.

In order to confirm these predictions, Karolina Filipowska and Kim

Reynolds quantified the catalytic activity of the wild-type enzyme, as

well as the G121V and G121V V13G mutants. As depicted in Figure 7.6,

the experimental measurements are consistent with the computational

results. Notably, the introduction of the V13G mutation was found to

enhance the 𝑘cat by a factor of 2.8 relative to the G121V mutant.
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H3F

G121

V13

V121

V13

V121

G13

NADPH

A

Wild-type G121V G121V / V13G

B C

FG loop

Met20 loop

Figure 7.7: Zoom on the DHFR structure. (Figures made by Paul G.)

The three figures show a zoom on the FG loop in pink and the Met20 loop in cyan for 3 different sequences. The two residus of interest

121 and 13 are highlighted in yellow. In the background, we can also observe the relative orientation of the nicotinamide ring of the

cofactor NADPH and the pteridine ring of the folate H3F.

A. Example of a parallel conformation obtained with the Wild-type E. coli DHFR sequence. The glycine (G) at site 121 has a short side

chain while the Valine (V) at site 13 has a long side chain.

B. For the mutant G121V, the Glycine at site 121 is replaced by a Valine that has a longer side chain. This creates a steric hindrance

that pushes the two loops apart. This is an example of an inactive conformation in which the orientation between the cofactor and the

substrate is perpendicular.

C. For the double mutant G121V / V13G, the long side chain of the Valine at site 13 is replaced by the short side chain of the Glycine. This

can help to reduce the steric hindrance and increase the chance of this sequence to be in the parallel conformation displayed here.

7.6 Conclusions

In this chapter, we focused on the enzyme dihydrofolate reductase

(DHFR), a widely studied system known for its allosteric properties.

Using the COMBINE method introduced in Chapter 6, we identified

potential compensatory mutations for the G121V mutant, a deleterious

substitution that disrupts DHFR catalytic activity despite being distant

from the active site.

We compared the mutations proposed by COMBINE to the allosteric

sector identified by Reynolds et al. While many of the predicted mutations

fall within or near this sector, further analysis would be needed to

rigorously compare the results of these two approaches.

Interestingly, the first mutation proposed by COMBINE targets residue

13, located on the Met20 loop, directly across from position 121. This

prediction aligns well with molecular dynamics simulations performed

by Paul Guenon, which indicated that the G121V mutation induces steric

hindrance between the FG and Met20 loops. Replacing valine with glycine

at position 13—thus shortening the side chain—was expected to relieve

this steric hindrance.

This hypothesis was tested both in silico and experimentally. MD simula-

tions made by Paul Guenon revealed a partial restoration of the active

conformation, and experimental measurements by Karolina Filipowska

and Kim Reynolds confirmed that the V13G mutation increases catalytic

efficiency relative to the G121V mutant.

Although the rescue is only partial, the data-driven predictions made

with COMBINE clearly supports the understanding of the allosteric

mechanism obtained through MD simulations.
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More broadly, this study highlights the value of integrating complemen-

tary approaches to investigate protein properties. Here, we combined

physics-based molecular simulations, predictions informed by evolution-

ary data, and experimental measurements.



1: Additional experimental validation is

underway using intermediate levels of

regularization to test the model’s gener-

alization capacity.

Conclusions 8
As we reach the end of this manuscript, it is worth revisiting the questions

that motivated this work and summarizing the insights gained along the

way.

At the heart of this project are proteins and the use of statistical inference

as a tool to study their properties. We have focused in particular on

Boltzmann Machine models, which have been widely studied and applied

in the context of protein sequences.

The first part of this work was motivated by two key observations reported

in the literature: (i) Boltzmann Machines trained on a protein family can

generate functional sequences within that family. However, because of the

undersampled regime, regularization becomes necessary, introducing

biases such that generating functional sequences requires rescaling the

model [58]; (ii) in this same regime, the inferred Potts model does not

reliably capture interactions across different scales. [30].

In Chapter 3, we revisited these important results from the literature and

showed, in particular, that lowering the sampling temperature leads to a

loss in both the novelty and diversity of the generated sequences.

Building on this, we chose to continue working within the Potts model

framework and focused on adapting the inference procedure, hypothe-

sizing that another optimization strategy could more faithfully capture

the structure of the data.

This direction is developed in Chapter 4, where we introduced the SBM

(Stochastic Boltzmann Machine) inference method. We demonstrated

that, on a toy model, SBM inference more accurately recovers interactions

occurring at different scales in the data.

Encouraged by these results, we applied the method to real data, focusing

on the chorismate mutase family. Two key findings emerged: (i) The SBM

model can generate functional sequences at T=1, thus preserving the

diversity of natural sequences; (ii) Increasing regularization to produce

more divergent sequences leads to a loss in generative capacity, even

though the sequences remain statistically indistinguishable from natural

ones according to our in silico analyses.
1

These results call for a theoretical understanding of the SBM method,

but they also raise several questions: Is its apparent advantage over

standard Boltzmann Machines on real data rooted in its ability to capture

multiscale interactions, as suggested by the toy model? What is the

fundamental limit of novelty that can be reached with a given dataset

and model? Beyond reproducing the distribution of natural sequences,

can these models be used to investigate specific properties of proteins?

This last question motivated the second major part of this thesis.

In this context, we focused on serine proteases, a family of enzymes

widely studied for their functional diversity and already under investi-

gation by close collaborators. Like many enzymes, they exhibit strong

substrate specificity, cleaving peptides only after particular amino acids.

Yet, the mechanisms underlying this specificity remain only partially

understood.
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As in the undersampling problem, several key results from the literature

shaped our approach: (i) The binding pocket contains residues that are

critical for specificity, notably residue 189, which is in direct contact with

the substrate; (ii) Previous attempts to switch specificity by mutating

residue 189 have failed. For the trypsin-to-chymotrypsin conversion, the

only successful attempt required 16 mutations, most of which do not

directly contact the substrate [143]; (iii) The mutations involved in the

trypsin-to-chymotrypsin conversion align with a sector identified by SCA

and experimentally validated as contributing to substrate specificity [19,

29].

In Chapter 6, we used the prediction of compensatory mutations, trig-

gered by a mutation at residue 189, as a strategy to identify epistatic

interactions relevant to specificity.

Using this approach, we showed that a chymotrypsin-like activity, though

partial, could be achieved with only three mutations located in the binding

pocket of rat trypsin. This suggests that specificity can be significantly

modulated through a limited number of mutations confined to the

binding pocket. More generally, this result further illustrates the ability

of the Boltzmann Machine model to identify epistatic interactions from

sequence data.

However, in the reverse direction, from chymotrypsin to trypsin, none

of the tested mutants displayed measurable trypsin activity. This mir-

rors previous observations and raises the question of why acquiring

trypsin-like specificity on a chymotrypsin scaffold appears to be a more

challenging task.

In Chapter 7, we extended our approach to a different system: dihydro-

folate reductase, which is well known for its allosteric properties. This

work centered on a mutation distant from the active site that is known to

drastically reduce enzymatic activity.

The mechanism of allostery, although not detailed in this manuscript,

was investigated through molecular dynamics simulations performed

by Paul Guenon. Interestingly, a compensatory mutation predicted in-

dependently by our statistical model was found to be consistent with

the allosteric mechanism inferred from these simulations. This observa-

tion motivated an experimental validation, which confirmed that the

predicted mutation could partially restore enzymatic activity. While it

confirmed the predictive power of the statistical model, this result most

importantly provided additional support for the proposed allosteric

mechanism.

To close this manuscript, I would like to leave the reader with two final

remarks.

First, throughout this work, we have often emphasized the exponential

growth of biological data, which has enabled the development of new

lines of research. In this context, there has been a growing tendency

to assemble large datasets, use deep learning models, and focus on

predictive accuracy. While there is little doubt that modern machine

learning will remain a key tool for analyzing high-dimensional biological

data, I am also convinced that these models are, at best, a starting point

for understanding, not its endpoint.

Second, what has truly given depth to the projects presented here is

the opportunity to collaborate, on each of them, with students and

researchers working on proteins through complementary approaches.
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These collaborations have not only enriched this scientific work but have

also made this journey intellectually and personally rewarding.
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Technical details on Boltzmann
Machine models A

A.1 Gauge invariance

The pairwise potts model presented in Section 2.1 remains unchanged

under the tranformation [43]:

𝐽𝑖 𝑗(𝑎, 𝑏) ← 𝐽𝑖 𝑗(𝑎, 𝑏) − 𝐾𝑖 𝑗(𝑎) + 𝐾 𝑗𝑖(𝑏)
ℎ𝑖(𝑎) ← ℎ𝑖(𝑎) − 𝑔𝑖 +

∑
𝑗≠𝑖

[
𝐾𝑖 𝑗(𝑎) + 𝐾 𝑗𝑖(𝑎)

]
where 𝐾𝑖 𝑗(𝑎) and 𝑔𝑖 are arbitrary quantities.

In the case of the zero-sum-gauge, this transformation can be explicitly

written as:

𝐽𝑖 𝑗(𝑎, 𝑏) ← 𝐽𝑖 𝑗(𝑎, 𝑏) −
1

𝑞

𝑞∑
𝑏=1

𝐽𝑖 𝑗(𝑎, 𝑏) −
1

𝑞

𝑞∑
𝑎=1

𝐽𝑖 𝑗(𝑎, 𝑏) +
1

𝑞2

𝑞∑
𝑎,𝑏=1

𝐽𝑖 𝑗(𝑎, 𝑏),

ℎ𝑖(𝑎) ← ℎ𝑖(𝑎) −
1

𝑞

𝑞∑
𝑏=1

ℎ𝑖(𝑏) +
∑
𝑗≠𝑖

[
1

𝑞

𝑞∑
𝑏=1

𝐽𝑖 𝑗(𝑎, 𝑏) −
1

𝑞2

𝑞∑
𝑎,𝑏=1

𝐽𝑖 𝑗(𝑎, 𝑏)
]

Note that there exist other gauge transformation commonly used in

the literature, such as the lattice-gas gauge, in which ℎ𝑖(𝑞) = 𝐽𝑖 𝑗(𝑎, 𝑞) =
𝐽𝑖 𝑗(𝑞, 𝑎) ∀𝑖 , 𝑗 , 𝑎 so that energies are measured with respect to the configu-

ration (𝑞, ...𝑞).

A.2 Metropolis-Hasting algorithm

The MLE framework presented in Section 2.1.2 requires sampling se-

quences from the Boltzmann distribution defined in Equation 2.2. This

can be achieved using the Metropolis-Hastings algorithm [50, 51], which

we briefly describe below.

Given a current sequence 𝝈(𝑘), the algorithm proceeds as follows:

1. Propose a new sequence 𝝈′ by randomly selecting a site 𝑖 ∈
{1, . . . , 𝐿} and replacing 𝜎𝑖 with a new amino acid 𝑎′ ∈ {0, . . . , 20},
chosen uniformly at random (excluding the current amino acid).

2. Compute the energy differenceΔ𝐸 = 𝐸(𝝈′)−𝐸(𝝈), using the energy

function defined in Equation 2.3.

3. Accept the proposed move with probability min

(
1, 𝑒−Δ𝐸

)
.

4. If the move is accepted, set 𝝈(𝑘+1) = 𝝈′; otherwise, retain the current

state: 𝝈(𝑘+1) = 𝝈(𝑘).

Iterating this procedure for a sufficiently large number of steps (𝑘mc)

yields a synthetic sequence approximately sampled from the target

distribution 𝑃(𝝈 | 𝜽).

To obtain 𝑁chains sequences, one option is to run a single chain and store

sequences separated by a sufficient number of steps, ensuring they are

decorrelated. In this work, however, we adopt the following strategy:
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𝑁chains independent Markov chains are run in parallel, and the sequences

obtained after 𝑘mc steps are retained as samples.

Note that the same algorithm is also used to generate synthetic sequences

after the training procedure is complete.

A.3 Non-equilibrium regime in the learning of
BM for protein sequences

We provide here additionnal results, studying the diversity of artificial

datasets generated with a BM trained on an MSA of the Chorismate

Mutase family (length L=96, M=1258 sequences). The models were

obtained using a the MLE framework with a Vanilla gradient descent and

the MCMC simulations were performed starting from random sequences,

with 𝑘mc = 10
5

and 𝑁chains = 1000.

In Figure A.1, we observe that when too few MCMC steps are used

during inference, the diversity of the generated sequences becomes

highly sensitive to the number of sampling steps. In particular, the longer

the sampling runs, the more diversity is lost.

kmc = 105kmc = 104kmc = 103

Figure A.1: Diversity of synthetic datasets as a function MCMC steps
The three panels display histograms of sequence identity between pairs of sequences within natural or synthetic datasets. Synthetic

sequences were generated using different numbers of MCMC steps 𝑘𝑔 , chosen equal to or greater than the number of MCMC steps 𝑘mc

used during training. From left to right: 𝑘mc = 10
5
, 𝑘mc = 10

4
, and 𝑘mc = 10

3
.
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B.1 Sampling at T<1

We here provide additional results illustrating the effect of the sampling

temperature on the novelty and diversity of artificial sequences.

B.1.1 Real data

We investigate the impact of sampling temperature on the diversity and

novelty of artificial sequences generated in the study by Russ et al. [58].

For conciseness, only a subset of these results is presented in the main

text. However, similar trends—namely a loss of novelty and diversity

at low temperatures—are also observed for the model inferred with

regularization strength 𝜆 = 0.0001, and are shown here for completeness

(see Figure B.1).

In Figure B.2 and Figure B.3, we present the full bar plots of family

representation for the two regularization strengths and the three sampling

temperatures. Notably, not all families are represented in the artificial

data even at 𝑇 = 1. However, this observation should be interpreted with

caution, as it also reflects the fact that the number of generated sequences

is smaller than the number of families in the natural dataset. In Figure

C.6, we report similar statistics computed over 10,000 sequences sampled

from a BM model at 𝑇 = 1, showing that 93.8% of the natural families

are represented.

B CA
=0.001

=0.001=0.001

Figure B.1: CM family: Artificial sequences as a function of sampling temperature for 𝜆 = 0.001. (Figures based on data from Russ et
al. [58])

A. Histogram of sequence identity (ID) to the nearest natural sequence, for three sampling temperatures (𝑇 = {1, 0.66, 0.33}).
B. Histogram of pairwise identity percentages among natural sequences and artificial sequences generated at the same three temperatures.

As the sampling temperature decreases, the distribution diverges from that of the natural sequences, with a growing proportion of

sequence pairs exhibiting identity values above 60%.

C. Top bar plot: proportion of natural sequences belonging to the 20 most represented families in the natural alignment. For comparison,

analogous statistics are shown for artificial sequences generated using a BM at 𝑇 = 1 and 𝑇 = 0.33; in these cases, each artificial sequence

is assigned to the family of its closest natural counterpart. Notably, lowering the sampling temperature introduces a bias toward certain

families. The high proportion of functional sequences observed at 𝑇 = 0.33 may be attributed to this effect.
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Figure B.2: CM family: Effect of sampling temperature on family diversity of artificial sequences for 𝜆 = 0.01. (Figures based on data

from Russ et al. [58])

Each bar represents the number of sequences assigned to one of the 271 protein families identified in the natural dataset. For synthetic

sequences, assignments are based on the closest natural sequence in terms of identity. Natural sequences are shown in the top panel for

reference. Lower panels display the distribution of family representation for artificial sequences generated at three sampling temperatures:

𝑇 = 1, 𝑇 = 0.66, and 𝑇 = 0.33. As the temperature decreases, a clear bias emerges toward a smaller subset of families, with only 38.0%,

17.3%, and 15.5% of the families represented at 𝑇 = 1, 𝑇 = 0.66, and 𝑇 = 0.33, respectively. Bars in light beige represent all artificial

sequences; overlaid dark bars indicate sequences experimentally labeled as functional.

Figure B.3: CM family: Effect of sampling temperature on family diversity of artificial sequences for 𝜆 = 0.001. (Figures based on data

from Russ et al. [58])

Each bar represents the number of sequences assigned to one of the 271 protein families identified in the natural dataset. For synthetic

sequences, assignments are based on the closest natural sequence in terms of identity. Natural sequences are shown in the top panel for

reference. Lower panels display the distribution of family representation for artificial sequences generated at three sampling temperatures:

𝑇 = 1, 𝑇 = 0.66, and 𝑇 = 0.33. As the temperature decreases, a clear bias emerges toward a smaller subset of families, with only 38.0%,

17.3%, and 15.5% of the families represented at 𝑇 = 1, 𝑇 = 0.66, and 𝑇 = 0.33, respectively. Bars in light beige represent all artificial

sequences; overlaid dark bars indicate sequences experimentally labeled as functional.
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B.1.2 Toy Model

In this section, we present additional results illustrating the impact of

low-temperature sampling on the diversity of generated sequences in the

context of a toy model.

The setup is identical to that described in Section 3.3.1 of Chapter 3.

Sequences were sampled at three different temperatures, and we show

that, consistent with observations on real data, lowering the temperature

leads to a marked reduction in both diversity and novelty.

BA  λ=0.001 λ=0.001

Figure B.4: Toy model: effect of sampling temperature on diversity and novelty.
A. Histograms of sequence identity (ID) to the nearest training sequence, for artificial sequences generated at three different temperatures

(𝑇 = {1, 0.66, 0.33}), compared to the natural dataset.

B. Histograms of pairwise sequence identity among training sequences and artificial sequences generated at the same three temperatures.

As the sampling temperature decreases, the distribution progressively deviates from that of the training set, with a growing number of

sequence pairs exhibiting identity values above 60%.
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C.1 Algorithm

We provide here additional technical details on the implementation of

the SBM method, which relies on the L-BFGS optimization algorithm.

The core idea of L-BFGS is to incorporate curvature information from

recent iterations in order to build an approximation of the inverse

Hessian. In our implementation, we use a simple and efficient procedure

to compute the search direction 𝒑𝑡 = −𝑯 𝑡∇ 𝑓 (𝜽𝑡), based on the 𝑚 most

recent pairs of vectors

{
𝒔𝑡 , 𝒚𝑡

}
stored during the optimization [113]. The

algorithm used to compute this product is provided below:

Algorithm 2: Calculation of 𝒑𝑡 = −𝑯 𝑡∇ 𝑓 (𝜽𝑡)

Input: 𝜽𝑡 , ∇ 𝑓 (𝜽𝑡),
{
𝒔 𝑖 , 𝒚𝑖

}𝑡−1

𝑖=𝑡−𝑚

1 𝑯0

𝑡 =
𝒔𝑇
𝑡−1

𝒚𝑡−1

𝒚𝑇
𝑡−1

𝒚𝑡−1

𝐼;

2 ℎ = −∇ 𝑓 (𝜽𝑡);
3 for 𝑖 = 𝑡 − 1, 𝑡 − 2, ..., 𝑡 − 𝑚 : do

4 𝛼𝑖 =
𝒔𝑇
𝑖
ℎ

𝒚𝑇
𝑖
𝒔 𝑖

;

5 ℎ = ℎ − 𝛼𝑖𝒚𝑖 ;
6 end
7 ℎ = 𝑯0

𝑡 ℎ;

8 for 𝑖 = 𝑡 − 𝑚, 𝑡 − 𝑚 + 1, ..., 𝑡 − 1 : do

9 𝛽 =
𝒚𝑇
𝑖
ℎ

𝒚𝑇
𝑖
𝒔 𝑖

;

10 ℎ = ℎ − 𝒔 𝑖(𝛼𝑖 − 𝛽);
11 end
12 𝒑𝑡 = ℎ;

In general, learning rates must be chosen using a line search procedure

to ensure that parameter updates satisfy the Wolfe conditions. However,

this requires multiple evaluations of the objective function, resulting in a

computational cost that is prohibitive in our context.

In our implementation, the initial learning rate is set to 𝜂0 = 1

∥∇ 𝑓 (𝜽0)∥ , and

the first search direction is taken as 𝒑
0
= −∇ 𝑓 (𝜽0). For all subsequent

iterations, Algorithm 1 is applied and the learning rate 𝜂𝑡 is fixed to 1.

If, at any iteration, the condition 𝒚𝑇𝑡 𝒔𝑡 < 0 or 𝒚𝑇𝑡 𝒔𝑡 ≈ 0 is met, the inverse

Hessian estimate is not updated and we set 𝐻𝑡+1 = 𝐻𝑡 . However, in some

cases this condition may occur too frequently, preventing the estimate

from properly capturing curvature information. This is a potential issue

that we monitor carefully throughout the learning procedure.

Note that in the special case where 𝑚 = 1, the inverse Hessian approxi-

mation is computed as:

𝐻𝑡 = 𝑉
𝑇
𝑡−1
𝐻0

𝑡𝑉𝑡−1 +
𝒔𝑡−1𝒔𝑇𝑡−1

𝒚𝑇
𝑡−1

𝒔𝑡−1

(C.1)
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where 𝑉𝑡 = 𝐼 − 𝒚𝑡 𝒔
𝑇
𝑡

𝒚𝑇𝑡 𝒔𝑡
. This corresponds to the standard BFGS update

formula, with the distinction that 𝐻0

𝑡 is used instead of 𝐻𝑡 .

C.2 Learning dynamics of coupling features in
the toy model

In this section, we provide supplementary figures illustrating the learning

dynamics of the different types of couplings, across a range of hyperpa-

rameter settings. For each plot, the magnitudes of the inferred couplings

are computed as averages—over each coupling type—of the Frobenius

norm of the corresponding coupling matrices.
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Figure C.1: Learning dynamics of coupling features in the toy model.
Evolution of the magnitude of inferred couplings as a function of the number of iterations, for four inference settings: a BM

VGD
trained

under full sampling (upper left), a BM
VGD

under undersampling (lower left), a BM
LBFGS

under full sampling (upper right), and a

BM
LBFGS

under undersampling (lower right). In each panel, the true coupling strength of the toy model is indicated by a dotted black

line. Three curves are shown in each plot, corresponding to the three types of couplings: isolated pairs (blue), small collective features

(green), and large collective features (orange). The undersampling regime is the same as in the main text, with 𝑀 = 300, while the full

sampling regime corresponds to 𝑀 = 100,000 sequences.
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Figure C.2: Inference of toy model couplings as a function of 𝑁
chains

for the BM
VGD method.

For all these pannel, the magnitude of the couplings are computed from the frobenius norm of the coupling matrix, by averaging over

the different types of interacting couplings. The models where inferred with the BM
VGD

method without 𝐿2 regulararization.

A. Magnitude of the inferred couplings over iterations for different values of the hyperparameter 𝑁
chains

. The true values of the toy

model couplings are indicated by a dotted black line. The three panels correspond to the three types of couplings: isolated pairs (top),

small collective groups (middle), and large collective groups (bottom).

B. Using the same data as in panel A, we show the inference trajectories in a 3D space defined by the isolated, small collective, and large

collective couplings. Larger markers indicate that successive points in the trajectory are close in parameter space, reflecting a slowdown

in the inference dynamics. The grey dotted cube indicates the target values in each direction, and the grey dot corresponds to the point

where all interacting couplings are correctly inferred.
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Figure C.3: Inference of toy model couplings as a function of 𝑚 for the BM
LBFGS method.

For all these pannel, the magnitude of the couplings are computed from the frobenius norm of the coupling matrix, by averaging over

the different types of interacting couplings. 𝑁
chains

= 1000

A. Magnitude of the inferred couplings over iterations for different values of the hyperparameter 𝑚. For comparison we also show the

trajectory for BM
VGD

without regulararization. The true values of the toy model couplings are indicated by a dotted black line. The three

panels correspond to the three types of couplings: isolated pairs (top), small collective groups (middle), and large collective groups

(bottom).

B. Using the same data as in panel A, we show the inference trajectories in a 3D space defined by the isolated, small collective, and large

collective couplings. Larger markers indicate that successive points in the trajectory are close in parameter space, reflecting a slowdown

in the inference dynamics. The grey dotted cube indicates the target values in each direction, and the grey dot corresponds to the point

where all interacting couplings are correctly inferred.
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Figure C.4: Inference of toy model couplings as a function of 𝑚 for the BM

LBFGS method.
The magnitudes of the inferred couplings are computed by first taking the Frobenius norm of each coupling matrix, then averaging over

each type of interaction. Inference is performed using the L-BFGS algorithm with varying values of the memory parameter 𝑚 and no 𝐿2

regularization. The plots show the coupling magnitudes as a function of training iterations for: isolated pairs (upper left), all couplings

combined (lower left), small collective features (upper right), and large collective features (lower right). In each panel, the dynamics

consistently exhibit a clear plateau, whose value decreases as 𝑚 decreases.
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Figure C.5: Comparison of BM and SBM methods on the Toy Model across hyperparameter choices.
We evaluate the impact of various hyperparameters on the magnitude of inferred couplings ∥𝐽𝑖 𝑗∥ for the different types of interacting

couplings in the toy model. The first row corresponds to the SBM method, while the second row shows results for the BM method

trained with vanilla gradient descent (VGD). Coupling magnitudes are computed as Frobenius norms over amino acids of the coupling

matrices, averaged over couplings belonging to the same category. The true coupling amplitude is shown as a dashed black line. Colors

distinguish between: true interacting couplings (pairwise: yellow, small collective: red, large collective: dark red) and background

couplings (non-interacting) of different types (see legend). Each column explores a different hyperparameter:

A. Number of training iterations 𝑁iter.

B. Number of MCMC steps 𝑘mc.

C. Number of independent MCMC chains 𝑁
chains

.

D. Regularization strength 𝜆𝐽 for BM. For SBM, panel D instead varies the memory parameter 𝑚 used in L-BFGS.
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C.4 Comparison of BM (𝜆 = 0.01) and SBM
(𝑁chains = 50) on CM family

Figure C.6: CM family: Distribution of natural and artificial sequences across protein families.
The top panel reports the fraction of natural CM sequences that belong to each family, ranked from the most to the least frequent. This

ordering is preserved along the x-axis of all panels: every bar represents one family found in the natural dataset. The lower panels

display the same statistics for 10 000 artificial sequences generated with (i) a Boltzmann Machine (BM, 𝜆 = 0.01) at 𝑇 = 1 and 𝑇 = 0.75,

and (ii) a Stochastic Boltzmann Machine (SBM, 𝑁
chains

= 50) at 𝑇 = 1. Each artificial sequence is assigned to the family of its closest

natural counterpart. Reducing the temperature favours sampling a subset of families, thereby lowering overall diversity.
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Figure C.7: CM family: Comparison of statistical properties between natural sequences and artificial sequences generated by SBM
and BM models.
We compare statistics computed on artificial sequences generated by different models (rows) to those computed on the natural test set.

The first row shows the comparison between the natural training and test data. Subsequent rows show results for Boltzmann Machines

(BM) sampled at 𝑇 = 1 and 𝑇 = 0.75, and the SBM model at 𝑇 = 1.

A. Comparison of single-site frequencies between test and artificial sequences. The inset shows the same comparison between training

and test natural sequences. Pearson correlation coefficients are reported. Point density is indicated by color.

B. Same as panel A, but for 2
nd

-order correlations.

C. Same as panel A, but for 3
rd

-order correlations.

D. Projection of artificial sequences onto the first two principal components (PC1 and PC2) computed from the natural sequences. The

inset shows the corresponding projection for the natural sequences themselves.
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A

B

C

Figure C.8: CM family: Boltzmann-Machine (BM) models cannot simultaneously match natural energies and generate novel
sequences.
Each panel reports statistics for sequences sampled at 𝑇 = 1 from a BM trained on the CM family with an ℓ2-regularization strength:

A.𝜆 = 0.01, B.𝜆 = 0.005, C.𝜆 = 0.001.

Left sub-panels: probability density of the percentage identity (ID) to the closest natural sequence (grey histogram: natural alignment;

green curve: BM sequences).

Right sub-panels: box plots of statistical energies for training, test, BM-generated, and random sequences.

Lowering the regularization (smaller 𝜆) drives the model to sample artificial sequences with statistical energies similar to training

alignment, but at the cost of producing sequences that are almost all identical to natural ones (panel C). Conversely, stronger regularization

(larger 𝜆) yields more diverse sequences (panels A–B) but shifts their energy distribution away from that of the training data.
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C.5 Results SBM 𝑁chains = 20

A B C

E F G

D

Figure C.9: SBM Statistics and generative power. (Pannel G is made from data provided by Emily H.)

A. Comparison of frequencies computed on the test and artificial sequences. The small pannel shows the same but comparing the

training and test sequences. We also provide the Pearson coefficient. The colors shows the density of points.

B. Same as in pannel A, but we compare 2
nd

correlations.

C. Same as in pannel A, but we compare 3
rd

correlations.

D. Articifial sequences projected on the 2 principal components computed from the natural alignment. The small pannel show the same

projection for the natural sequences for comparison.

E. Histograms of identities between sequences for Training sequences, Test sequences and artificial sequences generated with the SBM

𝑁
chains

= 30.

F. Box plots showing statistical energy distributions for the traning sequences, test sequences, artificial sequences and random sequences.

G. Scatter plot showing showing the relative enrichment experimentally measured.
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C.6 pLDDT score from Alphafold2

Figure C.10: Relative enrichment against pLDDT confidence score from AlphaFold2.
Comparison of the AlphaFold2 predicted confidence scores (pLDDT) (ColabFold version with default parameters) and relative enrichment

for natural sequences (grey) and sequences generated using SBM with 𝑁
chains

= 30 (left, orange) and 𝑁
chains

= 50 (right, red). Marginal

histograms display the distribution of pLDDT and enrichment values for each group.



1: IPTG is a molecule that makes the bac-

teria express the genes we have inserted.

Supplementary Serine Proteases D
D.1 Statistical Coupling Analysis on S1A family

We provide here a more comprehensive comparison of sector analyses

performed using two different MSAs: one constructed by Shoichi Yip,

containing 93,695 sequences, and another from Halabi et al. [19], which

includes 1,470 sequences.

As shown in Figure D.1, the red and green sectors are robustly recovered

across both alignments. In contrast, the blue sector identified by Halabi et
al. is not recovered using the larger MSA. This reduced robustness of the

blue sector has been previously noted by Olivier Rivoire in [32], where

this sector was split into two distinct components.

A B C

Figure D.1: SCA analysis using Shoichi’s and Halabi’s MSAs.
SCA analyses were performed using the COCOATree toolbox [2].

A. Comparison of residue contributions to the red (specificity-related) sector obtained from two MSAs: the original alignment from

Halabi et al. and the larger alignment built by Shoichi Yip. Red filled circles indicate residues identified in both MSAs; red crosses and

open circles represent residues identified only in Halabi’s or Shoichi’s MSA, respectively.

B. Same as panel A, for the green sector.

C. Same as panel A, for the blue sector.

D.2 Experiments

We provide here additional informations about the experiments con-

ducted by Amaury Paveyranne, Timothé Lucas et Shoichi Yip. For a more

detailed description, please refer to Amaury Paveyranne’s thesis [152].

The main steps of the experimental protocol are the following:

1. Each trypsin mutant are inserted into plasmids carrying a fluores-

cent protein mCherry that allow the quantification of expression

levels.

2. The plasmids are transformed into B. subtilis.
3. Using IPTG

1
, we induce the secretion of mutant by B. subtilis into

the medium.

4. Samples of the culture medium are collected and mixed with a

rhodamine-based substrate solution [155] in separate wells for each

mutant (see Figure D.2).
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5. Fluorescence measurements are performed in each well over time

by tecan spark plate reader.

Figure D.2: Illustration of protease action on a rhodamine substrate. (Figure made by Amaury Paveyranne and adapted from Fenneteau

et al. [171])

The rhodamine bisamide substrate (S, left) is essentially non-fluorescent. Cleavage of a single amide bond by a protease releases the

monoamide intermediate (P1, centre), whose fluorescence is already markedly enhanced. A second cleavage event yields the fully

deprotected rhodamine derivative (P2, right), producing a further increase in fluorescence.

D.3 Supplementary figures

D.3.1 Fluorescence measurements

In Figure D.3 we show the fluorescence measurements of all the mutants

cited in Section 6.7 against a trypsin substrate. These results suggest that

all the mutants tested have lost their trypsin activity. We also show the

fluorescence measurements of all the mutants cited in Section 6.8 against

a chymotrypsin substrate. These results suggest that all the mutants

tested have lost their chymotrypsin activity.

A BTrypsin activity Chymotrypsin activity

Figure D.3: Initial activity of COMBINE-generated mutants in specificity conversion assays.
D. Fluorescence curves over time for natural sequences and mutants tested on a Trypsin substrate. Rat Trypsin (green) serves as positive

control, while Bovine Chymotrypsin (red) is the negative control. The orange curve corresponds to Hedstrom’s swap [143], and the blue

curves represent mutants proposed with the COMBINE method starting from rat trypsin.

E. Bovine Chymotrypsin (red) serves as positive control, while rat trypsin (green) is the negative control. The orange curve corresponds

to Venekei’s swap [145], and the blue curves represent successive mutants proposed by COMBINE starting from Bovine chymotrypsin or

rat chymotrypsin B.
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D.3.2 Impact of regulararization on COMBINE
predictions

Nchains =100

Nchains =80

Nchains =50

Nchains =30

Nchains =20

=0.001λ
=0.004λ
=0.006λ
=0.01λ

SB
M

B
M

Figure D.4: Impact of regularization and inference method on COMBINE predictions.
Compensatory mutations predicted by the COMBINE method starting from the rat trypsin D189S mutant. Each horizontal bar represents

a trypsin sequence, and vertical lines indicate the positions of compensatory mutations. The blue color gradient reflects the order in

which mutations are proposed (from dark to light blue). The top panel shows results using models inferred with the SBM procedure for

different levels of regularization, controlled by the number of MCMC chains 𝑁
chains

. The bottom panel shows results obtained with

standard Boltzmann Machines (BM) using varying levels of 𝐿2 regularization 𝜆.
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